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Introduction



The tetrahedral symmetry is quite common in molecular, 
metallic clusters, and some other quantum objects.

The tetrahedral symmetry is a direct consequence of 
the point group and corresponds to the invariance under 
transformation of the group         ,which has two one- and 
one four-dimensional irreducible representation.
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Tetrahedral symmetry

The double point group         leads to ‘exotic’ fourfold 
degeneracies of  single particle levels.  This high degeneracy
aspect leads to high stability of implied nuclear shape.
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The tetrahedral symmetry in atomic nuclei, 
realized at the first order 

through the triaxial-octupole Y32 deformation. 



156Gd       J. Dudek et al., PRL,97,072501(2006)

Calculation by using
standard Strutinsky method

Proposed candidate of tetrahedral band 
negative parity band in 156Gd



Nonzero Quadrupole Moments of 
Candidate Tetrahedral Bands 

R.A.Bark,et al.,  PRL 104,022501(2010) 
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Ultrahigh-Resolution γ-Ray Spectroscopy of 156Gd: 
A Test of Tetrahedral Symmetry

M. Jentschel at al. PRL 104, 222502 (2010) 

This large value, comparable to the quadrupole moment 
of the ground state in 156Gd,

gives strong evidence against tetrahedral symmetry in the 
lowest odd-spin, negative-parity band of 156Gd.
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Brief description of RASM



*Symmetry broken in the intrinsic frame &  
restoration of Symmetry in Laboratory system : 

Reflection asymmetry Octuple bands 
Rotational asymmetry Wobbling, Chiral, 
(Signature inversed) bands.

Shell model description of spectroscopy of octupole
deformed nuclei: 
RASM has been successful.



Nuclear pear shape is characterized by 
the parity doublet rotational bands: 

in even-even nuclei, 
the positive parity band Iπ = 0+, 2+, 4+, …. 

and the negative parity band Iπ = 1-, 3-, 5-, …..

There exist enhanced E1 transitions connecting the 
doublet bands. 





RASM
(Reflection Asymmetric Shell Model)

Hamiltonian
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The trial wave function 
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Multi-quasiparticle basic states
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For even-even nuclei:

For odd-odd nuclei:

For odd-neutron nuclei:

For odd-proton nuclei:



EXP.    ° negative parity 
• positive parity  

Theor.  ⎯⎯
N=4,5,6 for protons
N=5,6,7 for neutrons

Y.S. Chen and Z.C. Gao Phys. Rev. C63, 014314 (2001)



3. Tetrahedral nuclear spectroscopy



Nature of low-lying 2- bands
in transfermium nuclei

N = 150    2- band heads



Low lying negative parity bands with Iπ = 2-, 3-, 4-,…
interpreted as 

the obscured tetrahedral bands by RASM

3220 YY +Nuclei with shape of  



Y20+ Y32

2–, 3–, 4–,…K = 2

4+,  5+, 6+,…K = 4

0+, 2+, 4+,…K = 0
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K，p ：

Namely , K p= 0＋, ±2–, ±4＋, …

K± , (K+1)±, (K+2)±,…K > 0

0+, 1–, 2+, 3–,…[p(–1)I=1]K = 0
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Non-axial octupole bands in N=150 isotones

Y.S. Chen, Yang Sun, Zao-Chun Gao ,  Phys. Rev. C 77 , 061305 (R) ( 2008) 
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Tetrahedral states 
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More realistic  case may be
tedrahedral shape with 

very small quadrupole deformation:
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Y.S. Chen, Yang Sun, Zao-Chun Gao ,  Phys. Rev. C 77 , 061305 (R) ( 2008) 



Tetrahedral symmetry in SHE



Projected Energy Surface (PES) based  on RASM
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Single particle diagram

Octupole coupling

3=Δ=Δ lj
2/13i

2/72/13 fi ↔ 2/52/11 fi ↔

2/92/15 gj ↔ 2/52/11 dh ↔



Shell energy for (Z=126,N=184)

Well defined tetrahedral minimum for (Z=126,N=184)



Projected energy surfaces



Fission Barriers



ᇫEsh=Esh(Q) –Esh(T)
Shell energy minimized 

with respect to
Quadrupole and 
hexadecapole

Minus
Shell energy minimized 

with respect to
tetrahedral and octahedral



Microscopic-Macroscopic method
Woods-Saxon potential

K. Mazurek et al., Acta Physica Pol. B 40, 731 (2009).



Microscopic -Macroscopic method

Micro-part: Woods Saxon potential 
Macro- part :Yukawa plus exponential model 

Multi-D,  12 dimensional manifold of shapes
β20, β22, β30, β32, β40, β42, β44, β50, β52, β60, β70, β80



Conditional (β20=0) tetrahedral minima

P. Jachimowicz et al., Int. J. Mod. Phys. E 20, 514 (2011).

(Minimization over all the  remaining 10 variables)



P. Jachimowicz et al., Int. J. Mod. Phys. E 20, 514 (2011).

Energy Surfaces
multi-D Micro.-Macro. 



Conclusions in muti-D Micro.-Macro. Calculation
P. Jachimowicz et al., Int. J. Mod. Phys. E 20, 514 (2011).

1) Have not found global tetrahedral minima.

2) Can not confirm the existence of tetrahedral 
magic numbers predicted in the superheavy region 
by  K. Mazurek et al., Acta Physica Pol. B 40, 731 (2009).



Remarks

1. Tetrahedral symmetry-driven Shell effect is strong in the SHE 
region.  
No contradiction  between PES, muti-D micro-macro method and 
normal micro-macro method. 

2. Contradiction between muti-D and normal Micro.-Macro. methods 
may be caused by the different modelings of macro.-part. 

3. Only for 0.5MeV, the muti-D micro.-macro. leads to a 
conclusion against the normal Micro.-Macro. calculation. 

4.   The beyond mean field effects may remove the bifurcations 
between Jachimowicz(2011) and Mazurek(2009). 



Suggestion for RMF calculation with
tetrahedral degree of freedom 

Worth to carry out RMF calculation for tetrahedral 
magic superheavy nuclei around z=118-126, N=182-186

Single particle diagram for tetrahedral shape in SHE region 
to see tetrahedral magic gaps. 

Shell energy and Total Energy surfaces calculations. 

Compared  to  the most recent calculations of different  
models.   



Thank you


	Multi-quasiparticle basic states

