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Semiclassical Gravity
Semiclassical Einstein Equation (schematically):

is the Einstein tensor (plus covariant terms 
associated with the renormalization of the quantum field)

Free massive scalar field

+ κ
 

(Tμν) c



Part I:   Stochastic Gravity
Einstein- Langevin Equation (schematically):



• Exp Value of 2-point correlations of stress tensor: bitensor

• Noise kernel measures quantum flucts of stress tensor

{ }1 垐( , ) ( ), ( )
2abcd ab cdN x y t x t y= 〈 〉 垐 �

âb ab abt T T I≡ − 〈 〉

NOISE KERNEL

• The noise kernel is real and positive semi-definite as a 
consequence of stress energy tensor being self-adjoint



[ ]ab gξ

0ab sξ〈 〉 =

It can be represented by a classical stochastic tensor source

(Gaussian via influence functional Feynman and Vernon 1963)

( ) ( ) ( , )ab cd s abcdx y N x yξ ξ〈 〉 =

• Symmetric, traceless (for conformal field), divergenceless

How could a quantum field give 
rise to a stochastic source?



Classical
 

Stochastic Field
 assoc.with a Quantum Field

•
 

Stochastic tensor is covariantly
 

conserved in the 
background spacetime (which is a solution of 
the semiclassical Einstein equation).

•
 

For a conformal field         is traceless: 

Thus there is no stochastic correction                      
to the trace anomaly



• We will assume linear perturbation of semiclassical solution

But stochastic gravity is NOT restricted to linear perturbations
ab abg h+

• Einstein-Langevin equation: ˆ( )g h g hG Tκ ξ+ += 〈 〉 +

(1) (1)ˆ[ ] [ ] [ ]ab ab ren abG g h T g h gκ κξ+ = 〈 + 〉 +

2 2 ˆ( ) 0g h m Rξ φ+∇ − − =

Einstein-Langevin Equation
[Hu & Matacz, PRD1994, Campos Verdaguer 1996, Lombardi and Mazzitelli, 96 ..]





Roura Hu
(06, 07)

Roura & Verdaguer (99, 07),  Urakawa and Maeda (07)

Hu 03



• Wightman Function

Noise Kernel from Green Functions
Phillips and Hu, PRD63, 104001 (2001)



For timelike separated points, can express in 

Hadamard (or Schwinger) function

{curly brackets} denote symmetrized operator product.

Ford et al have used the Hadamard function for consideration 
of effects of stress energy tensor fluctuations 



Phillips and Hu, PRD63, 104001 (2001)

A general expression for the Noise Kernel in terms of 
four covariant derivatives acting on products of the 

Green function for a given quantum field



Essential to obtain expressions for the 
Noise Kernels ‐‐

 
Exp

 
Value

 
of

 
2­point

 correlations
 

of
 

stress tensor bitensor
 for the investigation of fluctuations and 

backreaction
 

problems

• An important example is fluctuations in an 
 evaporating black hole and the

• Backreaction
 

of Hawking radiation on it. 
• Black hole end­state

 
problem and 

information loss issue.



Part II.  Black Holes



Semiclassical Gravity





Stochastic Gravity

For spherically symmetric systems:



Different views, divergent claims, but none from 
real calculations based on solid viable theories

Ford and Wu neglected important

Our result agreed with Bekenstein 83
B. L. Hu and A. Roura, Metric fluctuations of an evaporating black hole from back­

 
reaction of stress tensor fluctuations Phys. Rev. D 76 (2007) 124018 



In-out energy flux connected. Yet,  
Flux fluctuations not connected



Main conclusions 
 from

 
Hu and Roura, Phys. Rev. D 76 (2007) 124018



Noise Kernel
 

needed for 
Fluctuations Phenomena and 

Backreaction
 

Problems
We describe recent results in the calculations of the noise 
kernels of  conformally‐invariant scalar fields in:

0)

 

spacetimes

 

conformal to an

 

ultrastatic

 

spacetime

 

(under quasilocal
approximation) A. Eftekharzadeh, Jason Bates, Albert Roura, P. R. Anderson 
and  B. L. Hu,  Noise kernel for a quantum field in Schwarzschild spacetime

 under the Gaussian approximation,

 

Phys. Rev. D85, 044037 (2012)  

1) static de Sitter and all conformally‐flat spacetimes (exact expressions) 
* This talk:  Jason D. Bates, Hing‐Tong Cho, Paul R. Anderson and B. L. Hu, 

 Exact noise kernel for quantum fields in static de Sitter and conformally­flat 

 spacetimes

 

(in preparation)



2)
 

massive quantum scalar field with 
 arbitrary coupling

 
in Euclidean R^N and 

 AdS^N
 

spaces 
 

via the
 

generalized zeta­
 function method.

[Hing-Tong Cho and B. L. Hu, “Stress-energy Tensor 
Correlators of a Quantum Field in Euclidean R^N and 
AdS^N spaces via the generalized zeta-function method” 
Phys. Rev. D84, 044032 (2011)]



Backreaction with Fluctuations: Program already 
laid out in S. Sinha, A. Raval

 
and B. L. Hu, “Black Hole 

Fluctuations and Backreaction
 

in Stochastic Gravity”
 

in 
Bekenstein

 
issue of Foundations of Physics Thirty Years of 

 Black Hole Physics 

 
edited by L. Horwitz

 
(2003). [gr‐

qc/0210013]
 

Summarized in B. L. Hu and E. Verdaguer, 
 Stochastic gravity: A primer with applications

 
, Class. 

Quant. Grav.  20
 

(2003)  R1‐R42 [gr‐qc/0211090]  
Expect fluctuations small, can use thermodynamic 
arguments or QFT   



Strategy for calculating NKs in 
(quasistatic) black hole spacetimes:

Go to de Sitter spacetime. Static coordinate: 
Gibbons‐Hawking state corresponds to Hartle‐Hawking state. 



Minkowski to conformally-flat 

• One step further back, start with Minkowski,
 then to conformally‐related spacetimes.

NK in Minkowski
 

space: 
R. Martn and E. Verdaguer, Phys. Rev. D 60, 084008 (1999).  

• Use the conformal transformation for the NK 
for conformally

 
invariant fields to obtain the 

NK for the Bunch­Davies 
 

state in the co‐
moving de Sitter coordinates.     (cosmology)



Use for cosmological problems

• Bunch-Davies vac are useful for stress- 
energy tensor fluctuations considerations 
in cosmological structure formation, e.g.,

L. H. Ford, S. P. Miao, K.-W. Ng, R. P. Woodard, and C.-H. Wu, 
Phys. Rev. D 82, 043501 (2010).

• Gravity Waves from Quantum Stress 
Tensor Fluctuations in Inflation, e.g., 
Chun-Hsien Wu, Jen-Tsung Hsiang, L. H. Ford, Kin-Wang Ng
Phys. Rev. D 84, 103515 (2011) 

http://arxiv.org/find/gr-qc/1/au:+Wu_C/0/1/0/all/0/1
http://arxiv.org/find/gr-qc/1/au:+Hsiang_J/0/1/0/all/0/1
http://arxiv.org/find/gr-qc/1/au:+Ford_L/0/1/0/all/0/1
http://arxiv.org/find/gr-qc/1/au:+Ng_K/0/1/0/all/0/1


NK for conformal fields for all 
conformally‐flat spacetimes

We compute exact expressions of the noise kernel
 

for 
conformally

 
invariant scalar fields with respect to the 

conformal vacuum,  
valid for any arbitrary separation

 
(timelike, spacelike

and null) of points  for all conformally‐flat spacetimes.

• Related recent work:  
G. Perez‐Nadal, A. Roura, and E. Verdaguer, JCAP 05 (2010) 
036.    minimal field in de Sitter

 
, 

H. T. Cho and B. L. Hu, Phys. Rev. D84, 044032 (2011) 
massive fields in N­dim AdS space, arbitrary coupling.





Static de Sitter





Part III  Cosmology

Primordial cosmological perturbations problem via
Stochastic Gravity: 

• Gives result equivalent at linear order to usual method of 
quantizing metric and inflaton perturbations

• But can treat quadratic orde perturbations
which is needed in R2  trace anomaly driven (Starobinsky 
1981) inflation

A. Roura and E. Verdaguer, Phys. Rev. D 78, 064010 (2008).



SEMICLASSICAL EINSTEIN EQUATION

Renormalization introduces quadratic tensors

ˆ[ ] [ ] [ ] [ ]ab ab ab ab ab renG g g A g B g T gα β κ+ Λ − − = 〈 〉

where 41ab cdef
cdef

ab

A d x gC C
gg
δ

δ
= −

− ∫

4 21ab

ab

B d x g R
gg
δ

δ
= −

− ∫

2 2 21 ( ) ( )
2

ab a b ab c ab c a b ab
c cT g m g Gφ φ φ φ φ ξ φ= ∇ ∇ − ∇ ∇ + + ∇ ∇ − ∇ ∇ +



INFLUENCE FUNCTIONAL

• Open quantum system (Feynman-Vernon 63)

abh jφ

[ ]h h h+ −≡ − { } ( ) / 2h h h+ −≡ +

(1) 4[ ] 2 ( , ) ( )cd
ab ren abcdT g h d y gH x y h y〈 + 〉 = − −∫

[ ] [ ] { } [ ]1 ˆ( )
2 8IF x x x xy y x xy y

iS g h T h h H h h N h± ⎡ ⎤+ = 〈 〉 − + ⎣ ⎦∫ ∫∫ ∫∫

' *1 垐 垐Im ( ) ,
4 8xy x y x y

iH T T T T T⎡ ⎤= 〈 〉 − 〈 〉⎣ ⎦

system environment

[ ] [ ]exp( , , )IFiS
IF m mF e D D S g S gφ φ φ φ+ −

+ − + −⎡ ⎤ ⎡ ⎤≡ = −⎣ ⎦ ⎣ ⎦∫

(x,y denotes ab.cd)



INFLUENCE FUNCTIONAL

• Closed Time Path effective action at tree level in metric pert.

( )(0) 3, ,CTP g g IFh h S h S h S h h O h+ − + − + −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤Γ = − + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
is EH action plus quadratic terms.gS

• Probability distribution functional of a 
classical stochastic field

11
2[ ]

N
P e

ξ ξ
ξ

−− ∫∫∝

[ ] [ ]Im 11 1e exp exp
8 2 2

IFS
x xy y x xy y z z

ih N h D N hξ ξ ξ ξ− −⎛ ⎞ ⎛ ⎞⎡ ⎤≡ − ∝ − +⎜ ⎟ ⎜ ⎟⎣ ⎦⎝ ⎠ ⎝ ⎠∫∫ ∫ ∫∫ ∫

• Integral identity (Feynman Vernon 1963):

( )ab xξ
1 1Re [ ] Re [ ]

[ , ] 2 2[ ]
IF IF

IF
i S h i S h

iS h h

s

e D P e e
ξ ξ

ξ ξ
+ −

⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫= ≡∫



STOCHASTIC EFFECTIVE ACTION

0stc

h hh
δ
δ ±

+
=

Γ
=

• Define a stochastic effective action:

the Einstein-Langevin equation

• field equation from:

(1) (1)ˆ[ ] [ ] [ ]ab ab ren abG g h T g h gκ κξ+ = 〈 + 〉 +

[ ]1, ; Re
2stc g g IF z zh h S h S h S hξ ξ+ − + −⎡ ⎤ ⎡ ⎤ ⎡ ⎤Γ = − + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ∫



SOLUTIONS OF EINSTEIN-LANGEVIN 
EQUATIONS

• These stochastic equations determine the correlations

0 4( ) ( ) ' ( , ') ( ')ret cd
ab ab abcdh x h x d x gG x x xκ ξ= + −∫

0 0 2( ) ( ) ( ) ( ) ( , ') ( ', ') ( ', )ret efgh ret
ab cd s ab cd s abef ghcdh x h y h x h y G x x N x y G y yκ〈 〉 = 〈 〉 + ∫∫

(flucts in the initial state) (due to matter field flucts)

{ }1 垐( ), ( ) ( ) ( )
2 ab cd ab cd sh x h y h x h y〈 〉 = 〈 〉

• Stochastic metric correlations is equivalent to quantum  
metric correlations in 1/N: (Calzetta, Roura, Verdaguer)

Intrinsic fluctuations Induced fluctuations+



STOCHASTIC GRAVITY AND PRIMORDIAL 
COSMOLOGICAL PERTURBATIONS

• Quantum fluctuations of inflaton are
seeds for structure formation

• Simplest chaotic inflationary model (Linde):
Massive minimally coupled inflaton field, initially
at average value larger than Planck scale

2 21 1( )
2 2

a
aL mφ φ φ φ= ∂ ∂ +

2 ( )Vφ φ& � 0Pm φ�

• Background inflaton field and FRW metric

ˆ( )φ η φ= 〈 〉 2 2 2( )( )i j
ijds a d dx dxη η δ= − +

( )V φ
φ <~<<



PERTURBATIONS

• Inflaton and scalar metric perturbations

ˆ ˆ( ) ( ) ( )x xφ φ η ϕ= + ˆ 0gϕ〈 〉 =

2 2 2( )[ (1 2 ) (1 2 ) ]i j
ijds a d dx dxη η δ= − + Φ + − Ψ

• Einstein-Langevin equations

(0) (0) (1) (1)垐[ ] [ ] [ ] [ ] [ ]ab ab ab ab abG g T g G h T h gκ κ κξ− 〈 〉 + − 〈 〉 =

g g h= +%

{ }1 垐( ) ( ) ( ), ( ) [ ]
2sx y t x t y gξ ξ〈 〉 = 〈 〉 垐t̂ T T≡ − 〈 〉

zeroth order metric g is assumed to be quasi- de Sitter.

2 21垐 垐 �ˆ ( )
2

c
ab a b ab cT g mφ φ φ φ φ= ∇ ∇ − ∇ ∇ +% % % %%



STRESS TENSOR CORRELATIONS
垐 垐[ ] [ ] [ ] [ ]T g h T g h T g h T g hφφ φϕ ϕϕ〈 + 〉 = 〈 + 〉 + 〈 + 〉 + 〈 + 〉

• assume Gaussian state:
• two independent stochastic sources:

ˆ 0ϕ〈 〉 = 垐� 0ϕϕϕ〈 〉 =
(1) (2),ξ ξ

• Including only the first (linear) term:
we will show that the stochastic gravity
formulation gives equivalent results as the traditional
quantized metric and scalar field perturbations

2 2贩�
φ ϕ

〈 〉

{ } { } { }2 2 2 2
(1) (1) (2) (2)垐 垐 垐, [ ] , [ ] , [ ] s st t g t t g t t g

φ ϕ ϕ ϕ
ξ ξ ξ ξ〈 〉 = 〈 〉 + 〈 〉 ≡ 〈 〉 + 〈 〉

independently conserved



E-L eqn for linear perturbations



• Since ˆ 0, ( )ijT i j〈 〉 = ≠ 0, ( )ij i jξ = ≠

Φ = Ψmetric perturbations

• Fourier transf. of 0i-component: (neglecting non-local term):

• Retarded propagator for kΦ

( )( , ') ( ') ( , ')
2 ( ')

k
ret

i

aG f
k a

κ ηη η θ η η η η
η

⎛ ⎞
= − +⎜ ⎟

⎝ ⎠

(0 )2 ( ' )i k k k ik H κξΦ + Φ = '( )
( )

aH
a

η
η

≡



With                  we get for the ii component of E-L eqn:

Two unknowns 1.
2.

These three equations reduce to two because of the Bianchi 
Identity, which holds here since the averaged and stochastic 
sources in the EL eqn are separately conserved.  



Equivalence with Quantum approach:

Can show that EL eqn reduces to (Roura and Verdaguer 2007) 

Same as the conventional approach via quantized linear 
perturbations, e.g., Eq. (6.48) of 

Comments:

1. In Fourier space nonlocal terms in the integro-differential equation in the spatial 
sector simplify to products. Non-locality in time in this equation disappears due 
to an exact cancellation of the different contributions from 

2. Seems like there is no dependence on the stochastic source. 
But the solutions to ELeqn should also satisfy the constraint eqn at the initial 
time in addition to the dynamical eqn. The initial conditions for                                     
have dependence on the stochastic source. 



CORRELATIONS FOR METRIC 
PERTURBATIONS

• Solutions of E-L equation:

2 '
' '( ) ( ') (2 ) ( ') k k

k k s ret k k s retk k G Gη η π δ ξ ξ〈Φ Φ 〉 = + 〈 〉∫∫
r r

{ }' '
1 垐,
2k k s k kt tξ ξ〈 〉 ≡ 〈 〉

{ } { }0 1 0 2 1 2 1 2
垐 垐( ), ( ) '( ) '( ) ( ), ( )k k

i i i i k kt t k kη η φ η φ η ϕ η ϕ η−
−〈 〉 = 〈 〉

{ } (1)
1 2 1 2垐( ), ( ) ( , )k k kGϕ η ϕ η η η−〈 〉 =

is the Hadamard function for free scalar field on de Sitter,
in Euclidean vacuum 1( ) ; 0a

H
η η

η
= − −∞ < <



METRIC PERTURBATION 
CORRELATIONS

Computing perturbatively in (1)
kG / Pm m

assuming slow roll
taking (rather insensitive to initial conds.) 0η → −∞

2
2 3 3

'( ) ( ') 8 (2 ) ( ') cos[ ( ')]k k s
P

m k k k k
m

η η π π δ η η−⎛ ⎞
〈Φ Φ 〉 + −⎜ ⎟

⎝ ⎠

r r
�

• Harrison-Zel’dovich scale inv. spectrum large scales 1kη ≤

• Amplitude of CMB anisotropies 610
P

m
m

−�

• Agreement with linear perturbations approach (Mukhanov 92)

• Stochastic gravity can go beyond linear app. in inflaton flucts.
(Weinberg 05) and deal with Starobinsky (tr anomaly) inflation

2( ) ( / )P Pt m m mφ −& �~

~



Summary:  Main Features

S.G fails when flucts. of quantum stress tensor are large
1. Semiclassical gravity depends on e.v. of q. stress tensor

2. Stochastic gravity incorporates these fluctuations
(at Gaussian level) through the noise kernel 
acting as source for the Einstein-Langevin equation

3. Stochastic two-point metric correlations agree with quantum 
two-point metric correlations to order 1/N in large N expansion

4. Noise kernel the centerpiece for the exploration of 
metric fluctuations and backreaction problems of  
quantum  fields in curved spacetimes.



•
 

Three recent papers from our group (with Paul Anderson, Jason 
Bates, HT Cho, A. Eftekharzadeh

 
and Albert Roura) on the 

 calculation of NK, both exact expressions and under specific 

 approximation

 
.

•
 

In details, the case of conformal fields in conformally
 

flat 

 spacetime,

 
in de Sitter, both wrt

 
Bunch­Davies vacuum and 

 Gibbons­Hawking vacuum. 

•
 

Relevance to work on structure formation and primordial 
gravitational waves in inflationary cosmology and fluctuations of 
event horizon and backreaction

 
of Hawking radiation in quasi‐

static black holes.

• For Cosmological Perturbation and Structure Formation:
Agreement with linear perturbations approach (e.g.,Mukhanov 92)
But can go beyond linear order in inflaton fluctuations
necessary for trace‐anomaly driven inflations (e.g., Starobinsky 1980)



Thank You! 
 
谢谢！

 
Hope the finest Russian / Chinese 

 Theoretical physics tradition will continue.
 

An advice for the younger generation:
 - Try to ride over the adverse effects of 

 cheap salesman Aca­Business 
 mentality from the West,  and 
 Rotten Politics

 
of the East.





Quantum Open System
Closed System:

 
Density Matrix

is the (unitary) 
evolutionary operator of the system from initial time t_I to time t.

OPEN SYSTEM:  System (s) interacting with an Environment 
(e) or Bath (b):  Integrate out (coarse-graining) the bath dof renders 
the system open. Its evolution is described by the Reduced Density 
Matrix



Influence Functional
Assume factorizable condition between the system (s) and the bath (b) 
initially
:
Evolutionary operator for the reduced density matrix is 

Influence 
Functional

Influence Action



Quantum Brownian Motion II
System (S):  quantum oscillator with time dependent natural frequency
Environment (E) : n-quantum oscillators  

with time-dependent natural frequencies =  Scalar Field
Coupling: c_n F (x) q_n. 



Influence functional for a Paramp

Dissipation μ
 

and Noise ν
 

Kernels

Langevin Equation:::

Δ (s) μ (s,s’)

 

Σ (s’)



Noise and Dissipation Kernels
Equation of Motion for the amplitude function of a Parametric Oscillator

Spectral Density Function
n=1: Ohmic,   n>1 Supra Ohmic;      n<1 Subohmic

Squeezed and Rotation parameters: 
e.g., for an initial squeezed thermal bath



Stochastic Equations

Master Equation:
(Non- Markovian)

Wigner Function:

Fokker-Planck or Wigner Equation: (Non-Markovian)



Use of exact expressions of the noise kernel for fluc
 

­
 bkrn

 
problems in early universe &  black holes

1. Examine its behavior in the region near the 
 cosmological horizon

 
. (they are all finite) 

From the well‐known mapping we can see the 

2. behavior of NK in the Schwarzschild spacetime
 wrt the Hartle‐Hawking vacuum near the horizon.

3. Check the validity range of quasi­local expansion
in evaluating the NK as done in 
[A. Eftekharzadeh, J. D. Bates, A. Roura, P. R. Anderson, and 
B. L. Hu, Phys. Rev. D85, 044037 (2012).
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