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Gauge/Bethe correspondence

Deep connections between SUSY theories and integrable models
Minahan-Zarembo

Nekrasov-Shatashvili
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Plan of the talk

Quantum integrable models
Spin chain
Toda chain
Seiberg-Witten theory

Pure SU(N,)
Superconformal QCD Ny = 2N,

Nekrasov-Shatashvili quantization

Q background
A/B quantization

Electromagnetic duality as particle-hole duality
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Spin chain

Periodic lattice of L spin sites

L
—f

Hamiltonian acts on V =C? ® - - - ® C?

L

H="> (1—Pris1), P |1]) =|lT) Permutation

k=1

Vacuum: [0) =|171 ...), H|0) =0

¢
1 magnon state: |[¢) =|... T[T ...), but an eigenstate

Hamiltonian is a 2L x 2L matrix, hard to diagonalise!
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Bethe ansatz

* 1-magnon eigenstate: |p) =Y _ e®‘|()
‘

e 2-magnon eigenstates:

lp1, p2) = Z e(ip1£1+ipz£2)|£1’£2> + S(p1, p2) e(ipzé1+ip1€z)|£1’£2>

>0

S M O i N0 ST N O o SO o
0 0> 5 ity

ePitipz 4 1 _ Deim

Eigenstate when S(p1, p2) =
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Integrability
¢ Periodicity = quantisation conditions for magnon momenta
et = T S(pi.)
£k
» Rapidity xx = %cot g
Xk + /2 L_ M e — Xxp — i
Xk—i/2 _g;éka—Xg—l—l'

» Generalize: inhomogeneity 6y, spin s, twisted boundary g
xk—Gk—isk L_ MXk—Xg—f-i
xk—«9k+isk Z;éka—Xg—l'

» Heisenberg spin chain is integrable!

i.e. L commuting conserved charges [H;, Hj] =0
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One slide proof (Faddeev’s train trick)

1. Define Lax matrix L;o(x) = xI;0 + iJio ><

(i: spin site, 0: auxiliary space) i 0

satisfying Yang-Baxter equation /%< = >K

0 o' i ] [}

Lio(x)Lior(x = y)Loor(y) = Loor(y)Lior(x — y)Lio(x)
2. Construct monodromy matrix, also satisfies Yang-Baxter
To(x) = LioLr—1)0 - - - L1o(x)

R e e ol e S

1 2 L
3. Transfer matrix t(x) = tro To(x) commute: [t(x), t(y)] =0
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Algebraic Bethe ansatz

Goal: diagonalize t(x)

Let's write Lax, monodromy and transfer matrices

x4 iJ3 iJT A(x B(x
LiO - < Zlfl X_:U?) ) TO(X) =3 (CEX; DEX;) ’ t(X) = A(X)+D(X)

Vacuum C(x)[0) =0, #(x)[0) = [a(x) + d(x)||0)

Excited state |xq,...,xm) = B(x1) - - B(xum)|0) is an
eigenstate of t(x) if Baxter t() relation holds

M

a(x)Q(x+i)+d(x)Q(x—i) = t(x)Q(x), (x—xx)

k=1
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Dual Bethe ansatz for holes

Baxter equation for inhomogeneous chain with twisted boundary
—ha(x)Q(x + i)+ (h+2)d(x)Q(x — i) = t(x)Q(x)
a(x) = Ileca(x — Ok +isk),  d(x) = [oa(x — Ok — isi)
* Magnons: zeros x, of Q(x), satisfy the Bethe ansatz

xk—Qk—isk L_ MXk—Xg+I' h
Xk—9k+i5k N E;ékxk—xf—i’ h+2

» Holes: zeros ¢ of t(x), satisfy the dual Bethe ansatz

_ ﬁ [(L+ i(x — ) T(se — i(fx — 6r))
= T = i(P — &e) T(se 4 i(dn — be))

1+ 0(q)]
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Toda chain

Periodic lattice of L particles interacting
via exponential potential

L 2
H(Xl, Foe 7x,_) = Z % LT L X1 N2 X
i=1

Baxter equation same as spin chain when 6, — is, — oo
Q(x — i) + NEQ(x + i) = t(x)Q(x)

® not polynomial, no magnons, only holes
It is also the Seiberg-Witten curve of SU(L) SYM
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Pure N =2 SYM in 4D

o N = 2 vector multiplet: N = 1 chiral multiplet ®; + vector

multiplet W,,;
OF 1 O*F
—tm ( [d'0 S0+ [ WeW,,
£ m( 90, 2 90,00, 1
o Potential V = tr[¢, ¢']?
| 61
o If ¢ #£0, SUN,) 88 y(1)Ne-t, 4=
P,
» Vacua parametrized by Coulomb moduli tr¢?, . . ., tr¢Ne
IR Lagrangian fixed by prepotential F, coupling 7; = Im e
g g y p p ' p g [/ 63,'63]'
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Electromagnetic duality

_4 oF 0aD i
Magnetic variable ap = — = ——
» Magnetic vari D= 53 Ti = i
o Legendre transform 7W? + Wp - W
o TW?2 — 75 W3 where 7p7 = —1

(37 ED) y (307 _5)
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Seiberg-Witten solution

F determined from meromorphic differential Asy, on genus
N — 1 curve with branch points at ¢4,..., ¢n.

-~ Py
(A En) (AR Z@@)

1 1 1
_’:7 A - 3 :7%>\ 3 _’:7‘%>\
? 27rij% 2 DT omi Ji T omi Je W

» Seiberg-Witten curve

Ne

y2 — H(X _ ¢l) - AZNC

i=1
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Pure Seiberg-Witten as Toda Chain

NS5 NS5

5,

L~
D4
e SW curve: t> —t- 2H,’-V:°1(u —¢i) + NNe =
¢ Let (u,logt) = (x, p) be conjugate variables, SW curve is now

e — ePt (x) + NN =0
* Quantize p — —ihdy and act on wave function Q(x)
Q(x — ih) + NN Q(x + ih) = t,(x) Q(x)

+ Toda chain with L = N, particles!
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Seiberg-Witten with flavor as Spin Chain

. NS5 NS5
m1 | ¢1
m1

m2

, (] m2

' 1 U

' : ! x45

4 $, '

mL mL XG

| D4 | >
L [
> —t-2]J(u—o:) —h(h+2)[[(v—m) =0

=1 =1

» Baxter equation for spin chain!
—h Q(x + ih) 4+ (h+ 2)d(x)Q(x — ih) = t.(x)Q(x)
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Dictionary of Gauge/Bethe correspondence

Gauge theory Spin chain
» Gauge group U(L) Length L of spin chain
¢ Fundamental mass my Inhomogeneity 0, — is;h
¢ Anti-fundamental mass my Inhomogeneity 6, + is;h
o Coupling q = €*™'7 Twisted boundary condition g
¢ Coulomb branch parameter ¢y, Hole rapidity ¢
. ? Magnon rapidity x,

Nekrasov-Shatashvili

. and by holes?

@;
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Q2 background
¢ Glue two R* C R® with rotation Q,,, = (‘61 52)
o

A
~N Q
pv

~ >

* Chemical potential Z = limg_qtrexp(—FH + €1J12 + €2J34)
+ 4D theory on S*, lifts Coulomb branch
» Breaks SUSY, localizes the partition function
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Nekrasov-Shatashvili deformation

» Deformation only in one plane (e; =0). € = ¢;
1

* N=2in4D - N =(2,2)in 2D

5U(2)12

SU(2)3a U(1)g

SO(4) + U(1)g

QY 1 ) 11

L 1 0 1 0Q,
Q% 1 0 11

2, 1 0 1 0Q
@} 0 1 1 0Q,
Qs 0 1 11
at, 0 1 1 0@
Qs 0 1 11

o Lifts vaccum, but leaving isolated points
o Twisted chiral field D, =0, D_Y =0

Peng Zhao
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Two quantization conditions

Low energy theory determined by twisted superpotential

F(a,e) = elziTo €162 log Z(3, €1, €)=

)44 - A
A-quantization — =0 = ap = ne

OF]
ii choice of vacuum angle = quantized electric flux Fp3 in R?
Z, electromagnetic duality Fp(ap) = F(3) —a- ap

— —

. OW i
B-quantization TD =0 = a=m-—ne
ap
Turning on magnetic flux Fi, in the undeformed plane
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B-quantization

* Root of baryonic Higgs branch <= SW curve factorize

NS5 NS5
1 I b, m,

N

E1]

S - -
-
O | &
B r
3
xm

Vacuum NS5 + D4 branes NS5’
= A
—h  +(h+2)d(x)=ti(x) =[] t—(h+2)d(x)](t+h)=0
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B-quantization as magnons

. NS5 NS5 .
m i
1 I ¢
1 m, ne m,
m
2 ] m2
: ' :
(]
: ¢' : x45
M, L m,
xG
| D4
; RNNNNNK D oo RXANNNK L RNV VK
o Dw =dlog Q

» Magnons form cuts, quantization condition j{ Asw = 27wk
a

Higgs branch root 7t = =
<~

o Vacuum n =0 a=A—C=— 3a=m— ne
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A-quantization as holes

¢ Difficult to visualize A-quantization on branes. Very roughly,

. NS5 NS5
m1
$

T
“«--->

-
5
xﬂ')

* We conjecture they correspond to dual Bethe ansatz for holes

SR
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. . ow __
A-quantization (ﬁ — O)
Compute W from Nekrasov partition function

Z = chassicalZl—loopZinstanton == W= Wclassical+W1—Ioop+Winstanton

. L
2miT
2
° classical — — P Z ay

=1
* Wiloop = [—w€ ag—am)%—wg(ag—mm)+w6(—ag+ﬁvm—e)}
£,m
A-quantization: wi(x) = —logM(1+x/e)
(14 22e) T(-2em)

1=q* c
q 1;[ r(]. - ae;ak) r(l + ae;mk)

exp[— ﬂ( L&l )log<1+qR(y)Y<y))

27i g — Yy dg— Yy — €
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A-quantization from spin chain

Construct meromorphic solutions Q* to the Baxter equation

Require entire solution @ be linear combination of Q*

A-quantization = poles of @ cancel with poles of Q@

[ ]

B-quantization = Q7 is entire, i.e. poles cancelled by zeros

I a Q*
m, Qt
¢
e 1
M, o,
mZ
' aD =Ta e =
' ! I’liE
] ' m,
, x4,5 i
.
I’“L T mL xs
€ ——_——» —
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Is A = B?

Compare ¢ in A/B in g expansion ¢ = qﬁi{o) - ngil) 4.
& = My — e

<1>:1{ <<0>_€)_ <<0> Eﬂ _ alx)d(x +¢)
¢k € R ¢k 2 R ¢k + 2 ’ R(X) t(X)t(X—I—E)

B-quantization same as requiring Q(x) be polynomial
Analytic properties of Q* — Baxter equation is ambiguous!
Derive A-quantization from counting function?
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Thank you!




