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Supersymmetry and supergravities work only in certain special
cases (such as dimensions D < 11), and depend upon very specific
properties of spinor representations in those dimensions. How-
ever, many of the nice features that supersymmetry confers, such
as BPS bounds on the energy of a solution, the existence of par-
ticularly simple BPS solutions, stability arguments, etc., do not
depend upon the entire edifice of exact closure of a super-algebra;
the existence of fermionic symmetries described by Killing spinors
is sufficient. Here, we report on recent work in this area, includ-
ing the construction of pseudo-supersymmetric extensions of the
effective action for bosonic string in all dimensions.

Based on work with Hong LU and Zhao-Long Wang.



Uses for Supersymmetry—E.g. D = 11 Supergravity |

e D — 11 supergravity is of the form
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(omitting quartic fermions). Supersymmetry is

— 1 VPO 1 vpo
57## — D‘LLE_I_E(F P I_,LLVPO')\_EFILLVPO-I_ )6,

6€Z — l_rizlul_ae y

where again we have omitted higher-order fermion terms.

|
N

e Associated with the supersymmetry is a super-algebra, which
is a fermionic extension of the P, and M, Poincaré algebra

with supercharges (), satisfying anticommutation relations
{Q,Q}=Ccrtp,+Crt* zZ,,, + CTHFY"H5 Z1 e

e From this one derives energy inequalities (Bogo'molny bounds)
M > |Z15], or M > |Z12345

where equality saturated for supersymmetric states Qq|) =0

which have mass equal to central charge (membrane or 5-
brane charge).



Membrane and 5-Brane Solutions|

e At the field theory level, these BPS states correspond to
bosonic solutions of D = 11 supergravity for which 4y, = 0.

Requiring Killing Spinors satisfying
1 1
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gives equations involving only first-order derivatives of g,,, and
Auvp, rather than the second-order derivatives in the equa-
tions of motion.

e For example, the membrane ansatz

ds%l — 24) dxtdz, + 2B () dy -dy, Apvp = feuvp

gives first-order equations for A, B and f, giving rise to the
BPS multi-membranes of Duff & Stelle:

dS%l — H—2/3 da:“d:cu _I_ H1/3 dy_’ dy_” A,uz/p —= H_]- €uvp

where H is any harmonic function on the eight-dimensional
transverse space of the y coordinates.



Consistent Reduction on S7|

e Supersymmetry, and the existence of Killing spinors, also play
an important role in the consistency of the S’ reduction of

D = 11 supergravity. The Killing spinors of the AdS, X St
vacuum played a central role in the proof of consistency by
de Wit & Nicolai.

e The S’ reduction is one of the few examples of a consistent
Pauli sphere reduction, where the fields in the reduced theory
include the gauge bosons of the isometry group of the sphere.

e A key test: Reduction ansatz for the SO8 gauge fields:
s, = ds3+ (dy™ + K" AlLdat)?,
F,LLVPO' — 3m€lu]/po‘, Fluymn — F/{I/ V[meL]
Plug into the D = 11 field equations:
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which only make sense if the Killing vectors K}” on S7 satisfy
the “miraculous’ identity
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Consistent Pauli Sphere Reductionsl

e Proof is trivial after writing the Killing vectors in terms of the
eight Killing spinors on S7 satisfying Dimn; — 5 m Tmm; = 0, as

e Although it is clearly not a coincidence that almost all the
known consistent Pauli sphere reductions occur in supergrav-
ity theories, this cannot be the whole story since we also know

of the remarkable consistent S3 and SP—3 reductions of the
effective theory of the bosonic string,
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in any dimension D, in which all the SO(4) or SO(D — 2)
gauge bosons are retained.
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e T his provides one motivation for suspecting that there may
exist a “pseudo-supersymmetry’ of the effective action of the
bosonic string in any dimensions D, which could be sufficient
to explain the consistency of the sphere reductions without
requiring the entire edifice of supersymmetry.

e Pseudo-supersymmetry would be a symmetry of an extended
action with fermions added, provided one looks only up to
quadratic order in fermions.



Pseudo-Supersymmetric Extension of Pure Gravityl

e A very simple example is the pseudo-supersymmetric exten-
sion of pure D-dimensional gravity. The motivation here is
that amongst the Ricci—flat solutions of pure gravity, there is
a subset that admits Killing spinors; for example, Calabi-Yau
spaces or pp-wave solutions (special holonomy). Inspired by
what we know from pure D = 4 supergravity, we therefore
propose a pure D-dimensional pseudo-supergravity:

e 'L =R+ 3¢.MP Dy,
e Action is invariant under pseudo-supersymmetry:
6¢IJ/ — Dlue, 562 — %QZIUII_CLE .

That is to say, the dej, variation of eR cancels the 0, vari-
ation of the ‘“gravitino” kinetic term.

e [ he symmetry fails beyond the quadratic order in fermions;
that is, it is not possible to cancel the quartic fermion terms

coming from the efb variation of the gravitino kinetic term by

adding higher-order fermion corrections (except in the special
case D = 4 of ordinary supergravity).

e Nonetheless, this extended theory allows us to find pseudo-
supersymmetric solutions, namely Ricci-flat spaces where in
addition o0y, = 0O, i.e. special-holonomy spaces.



Irreducible Spinors in D Dimensionsl

e In dimensions O, 1, 2, 3 and 4 mod 8, spinors can be Majo-
rana, meaning their I\/IaJorana and Dirac conjugates are the

same: ¢ = wTO = WI‘ When there is a Majorana rep-
resentation, CI'* and CI‘WP are symmetric in their spinor

indices, meaning that fermionic kinetic terms %@F“D,ﬂp and
%@MI‘WP Dy, are non-trivial for anticommuting Majorana spinors.

e [ here are no Majorana representations in dimensions 5, 6 or
7 mod 8. Instead, one can double up the spinors by adding

an Sp(2) doublet index, and now ; = e"jzpfc* = w}ro. In
these cases where symplectic-Majorana representations ex-
ist, CI'*" and CTH*¥P are instead antisymmetric._.This is just
what is needed to make the kinetic terms %eijwzl‘”DMW and

%ewZLI‘WPDsz non-trivial for anti-commuting symplectic-
Majorana spinors.

e With the underszanding that for the syﬁmplectiﬁc-l\/lajorana cases
the notation 3¢ D,y means e M*Dyypd, etc., the La-
grangian we wrote for simple pseudo-supergravity is applica-
ble in any spacetime dimensions D, with v, being Majorana
or symplectic-Majorana as appropriate.



Irreducible Spinors in D Dimensionsl

The symmetries of CT (") where (") denotes M“1Hn, are sum-
marised in the table. The parameter 3 characterises the symme-
try of I',,; thus

r, =p8Cr,c!

The table shows when Majorana (M) or symplectic-Majorana (S-
M) representations occur in every dimension.

D mod 8| cr® | cr | or) | cr® | or®) | cr®) || Spinor | g8
0 S S A A S S M | +1
S A A S S A S-M | —1

1 S S A A S S M | +1
2 S S A A S S M | +1
A S S A A S M| -1

3 A S S A A S M | —1
4 A S S A A S M | —1
A A S S A A S-M | +1

5 A A S S A A S-M | +1
6 A A S S A A S-M | +1
S A A S S A S-M | —1

7 S A A S S A S-M | —1




Pseudo-super Extension of the Bosonic Stringl

e Now we turn to the pseudo-supersymmetric extension of the
effective action for the bosonic string in D dimensions. By
looking at the D = 10 case where we know an actual super
extension exists, we are led to propose, in D dimensions,

e 1Lp = R—1(06)% — 5" FMPEp + S0, HP Dy,
+%5\lb>\ + e1 MYTHAO ¢ + e%a(b[egﬁur“w‘j)‘w)\
+e3PV TPy + eah TVPOTHA 4 esATYPON] Fy o
with transformation rules
Sy = Dye—+ €39 (¢1T mpoFPP + coFuplP)e,
0N = c3 ((ruaﬂfb) €+ % £399 TP Fuvp 6) :
bey, = %@Mr%, SO Sguy = %QZ(MI_V)G,
dp = cgeEN,
0A, = € [05 r[va] + cg rlw>\] e—%acb,
e [ here is indeed a solution for the constants e; and ¢; in all

dimensions, such that we get a pseudo-supersymmetric ac-
tion. The eg term is absent in D = 10, but in general is

es = —(D — 10)/(48(D — 2)).



Addition of a Gauge Multipletl

In ten dimensions, N = 1 supergravity can be coupled to an
L = 1 Maxwell or Yang-Mills muliplet. We can generalise
the pseudo-supersymmetric extension of the bosonic string
to include a gauge multiplet too, in arbitrary dimensions D.

For a Maxwell multiplet, with gauge potential A,, we add
a pseudo-gaugino x, generalise the 3-form field to Fj, =
Flup — %A[M@AP], and add to the Lagrangian

6_1£gauge a —%65 (bF/WF;w + %)be + e6 ea ? PO XMHT pothy
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The transformation rules are
5AM=c7e_%¢El_Mx, 5X:08€%¢Fw/ MY €
Previous transformation rule for A, is now augmented by
dextra Auv = €9 e_qu)ZI_[Me Au]
Additionally, Fj,, in the original extended string Lagrangian

IS replaced by Fjup.

We can indeed solve for the new ¢; and ¢; coefficients for all
dimensions D. Generalisation to Yang-Mills straightforward.



'Curvature-squared Corrections|

e In string theory, there are o’ corrections to the effective ac-
tion, associated with quadratic and higher curvature terms.
It was shown by Bergshoeff and de Roo that the supersym-

metrisation of a RFP? R0 (Up to order ') could be derived
by the trick of treating the curvature tensor (with bosonic
Fuvp torsion) as if it were an SO(1,9) Yang-Mills field. The

results for the Yang-Mills multiplet can then be taken over,
using the dictionary

b
A, — wZ_|_,
F,LLI/ E— Ruyab(w+) ,
X — lbab,
where wa = w + 3,9 are connections with torsion, and
Yap = Da(w-)hp — Dy(w-)va
is the gravitino curvature.

e [ he same trick works for our pseudo-supersymmetric gener-
alisations to arbitrary dimensions D.



Conformal Anomaly Terml

e Equations of motion for the fields in the bosonic string were
derived by calculating beta functions, by Callan, Friedan,
Martinec and Perry. In dimensions other than D = 26, there
iIs a conformal anomaly that shows up as a dilaton poten-

1
tial term of the form —%mze_§a¢ in the effective Lagrangian.

This can be included in a consistent Pauli S3 or SP—3 reduc-
tion. Is it pseudo-supersymmetrisable?

e \We find this is indeed possible. The required extra terms in
the Lagrangian and transformation rules take the form

e_1£conf — %m € ~304 Te 4o eg Yl Yy + e10 AN + e11 Yl

and

1 1
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e As it stands, this only works for those dimensions and spinor
representations where g = —1, since otherwise ¢, #"1, and

A\ vanish. For 8 = 41 cases, we can double up all the
fermions, v, — wﬁ, etc., contract in all previous fermion bi-

linears with 5045, and in the new terms with €0 (Very like

the doubling to symplectic-Majorana when a Majorana repre-
sentation does not exist.)



Summary and Discussionl

e Can pseudo-supersymmetrise the effective action for the bosonic
string in any dimension D. A Yang-Mills multiplet can be
added in too, thus giving an arbitrary-D (pseudo) generalisa-
tion of N =1, D = 10 Einstein-Yang-Mills supergravity.

e Can also pseudo-supersymmetrise a certain exponential po-
tential term for the dilaton (conformal anomaly). There does

not appear to exist a genuinely supersymmetric counterpart
for this extension.

e Amongst the solutions of the theories will be bosonic BPS-
type solutions, for which there exist Killing spinors e satisfying

1
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1

This gives first-order equations, which are easier to solve
than the full second-order equations of motion. (Some so-
lutions have been obtained by Haishan Liu, Hong LU and
Zhao-Long Wang.)

e It may be possible to use the pseudo-supersymmetry to gain
a better understanding of why the consistent Pauli S3 and
SP—=3 reductions work.



e If one pushed to higher orders in fermions, at what point
would pseudo-supersymmetry fail? Presumably, at the quartic
level.

e [ he pseudo-supersymmetry transformations cannot generate
genuine algebras that go beyond the known and classified
superalgebras. It is possible that they might generate alge-

bras that violate Jacobi identities. The Jacobi identities for
the standard — 1, D = 10 superalgebra depend upon the

special gamma-matrix identity

v

guv r'u(ozﬁ Fw) =0
which holds only in D =2, 4, 6 and 10.

e [ he fact that the pseudo-supersymmetric extension of the
D-dimensional bosonic string exists, and is very non-trivial,
suggests there may still be important structures, and sym-
metries, remaining to be understood.



