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1 Introduction

e Check of the predictions of superstring theories

The situation where the effects of quantum gravity become im-
Black holes[] singularity[]

Early universel] singularity[]
It is urgent to see whether and how these problems are resolved

and if superstrings can give realistic models of particles and their
interaction including gravity

Here we consider a mixed problem of these subjects.

The dynamical systems in string theories are notoriously difficult
to deal with. The main reason is that time dependence breaks
supersymmetry and there are only few exact time-dependent solu-
tions.

portant =

e Time-dependent brane solution

It is known that static black hole solutions are realized as in-
tersecting branes in superstrings, or in their effective low-energy
supergravities.
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This has been acheived in rather general way, with and without
(non-extreme) supersymmetry.

Unfortunately, so far, only some solutions are constructed with
time-dependence, but there is no systematic study.

Here we give a quite systematic construction of such solutions and
give a classification of these solutions.

It turns out that some of these describe black hole solutions in
time-dependent cosmological setting.

e Supersymmetric time-dependent solutions

Simply including time-dependence breaks supersymmetry of the
resulkting solutions.

It is known, however, that it is posible to keep supersymmetry if
the time-dependence is introduced only through one of the light-
cone coordinates.

We have constructed a class of such supersymmetric time-dependent
brane solutions with some applications. (Maeda, NO, Tanabe, Wakebe)

This is the most general class of solutions constructed to date.
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2 Branes and Black holes

I will first explain how brane solutions are related to black holes.
Example: 2-brane solution in D =11

ds® = H'"P[H™N(=dt* + dy} + dy3) + dr® + r*d$23),

k

A =€emnH ™t H=1+—.

1) SND) 16

The metric is invariant in y, 1y, directons, and is asymptotically flat

in 7 directions. This means that there is some object at r = 0 and
extended in vy, yo.

A
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r

Figure 1: Membrane
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: = (RS — k)16
ds* = (1 —k/RY?3(—dt* + dy? + dy3)
+(1 — k/R%)2dR* 4+ R*dQ3.
There is a horizon at R = k'/%, but a time-like and space-like vectors
are not interchanged upon crossing it.

Global structure ~ Reissner-Nordstrom solution
= See next Fig.

More general solutions can be constructed by combining these so-
lutions. = intersection rules

Fundamental objects

type 1IA type 11B

string string

Dp-branes (p: even) | Dp-branes (p: odd)
NS5-brane NS5-brane
KK-wave KK-wave

Combining these, it is possible to make solutions that can be inter-
preted as D = 4,5 black holes.
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timelike singularity
atf=0 R- — )

t = const. hypersurface
/S

“throat” 2 i, spatial infinity

R = const. hypersurface

Only the shaded region is covered
by the isotropic coordinates

Figure 2: Penrose diagram for M2-brane
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Example of intersecting solutions:

Type IIB D5-D1-KK-wave intersection:

2 R A[ (2 02) 442 2 2/ 2 : 2
ds* = Hy "H; *[—(1 —r§/r°)dt* + dxg + (ri/r*)(cosh odt + sinh odxy)”]
11
+H| H; '[dx; + dwi + do? + dx]
1 3
+FHIH(1 — 5 /r?)tdr? + dr*Q3).

2
T .
Here r* =i+ -+ 2% H; = 1 + -3 sinh ;.

D1 (s Wave
D5 (X5- X9)

Figure 3: D1-D5-Wave intersecting solution

Ts,- -+ ,T9 are compactified on a torus 7° of radii Rs, - , Ry, giving
D =5 black hole.
These are static solutions. = Dynamical solutions?
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3 Solutions of dynamical intersecting branes

The low-energy effective action for the supergravity system cou-
pled to dilaton and n4- form field strength is given by

1 1 |
| = dD / R—Z=(0 2 aAngQ
167TGD/ v I 2< ?) ;QnA'

Gp: Newton constant in D dimensions
g: the determinant of the metric.
The last term: includes both RR and NS-NS field strengths and

as = 3(5—ny) for RR field strength and a4 = —1 for NS-NS 3-form.
The field equations:

u¢au¢ + Z —eaA¢

27”LA'

ng— 1
na(F),, - " Fg] |

O = Z ™ aA(bFsA’ aﬂl ( / _ geaACbFM-..unA) —0.

Bianchi identity: 0, F, 0.

PR Yy
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Metric ansatz:
ds® = A(t, 2)uij(2)dz'dz’ — B(t, z)dt* + Z C'(t, z)(dz")?,
a=1

u;i(z): the metric of the (D—p—1)-dimensional Z space which depends
only on the (D — p — 1)-dimensional coordinates z'.

The metric components ug, u,,v and the dilaton ¢ are assumed to
be functions of ¢ and Z'.

Field strength backgrounds:
FnA — azEA<t7 Z) dt YA\ dyoq VANRIEIVAN dy&qz‘l A dzi’

where ny = q4 + 2.

The ansatz means that we have an electric background, but can
include magnetic background by the replacement

Juv — Juv, Fn — €a¢ *Fna gb — _qb'
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The Einstein equations:

10

d
20 (AL ug 4 u Opugd,U) — Z + g, — Ugla) — (D — d = 1)(0 + 0% — D)
a=1

——qb +Z _QA_ 420119, ,0. By,

d d
—<D — d — 2)[(92?} — U@Z’LLQ] — Z aﬂlg -+ Z(’L.Loéain — ua&-ua + @aiu&) =

a=1 a=1

e2(ta=u0) (g7 4 ua(U — 201y + 20)] — 2T Au, + u O, 0,U]

:—Z S 21 0, F 40, Ea,

d
Rij<Z> — DZDJU + 8@?} a7U + (’9jv (%U — {8@%0&7%0 + Z @ua@jua

1 .

+(D —d— 3)&;1}@1}} — uii(Av + uklakvé’lU) - uije_Q(uo_“)[é} + 0(20 — 24y + U)]

qa+1 o
D — 2“2] 81{:EA8ZEA}

1 S
=35 i90;¢ — EA: 7A [@'EA@'EA —
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The dot indicates derivatives with respect to t.
The dilaton and form field equations:

- 1 y 1 g
—e Vo (eVT2uot2u gy 4 e_Uﬁ i(eYV/u u’0;¢) = ) EA: €AaASAu" O E40;E 4,

&L(eUSA\/ﬂ @EA) — 0,
) (eUsA\/a u@'jajEA) _
where
d
U=ug+ Y tg+(D—d-3),

a=1

Sy=exp |eqa40 — 2 ’LLO—I—Z’LLQ :

acqp

5@ _ D—qa—3 for y“ belonging to g4-brane
A —(gqa+1) otherwise '
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By a now standard (to me) procedure, we can systematically de-
rive solutions to this system.

The intersection rule:
If g4- and ¢p-branes overlap over ¢g-brane, we have

1 1 1
(QA +D)£q§ * ) —1— §€A€BCLACLB.

g:

Take, for example, D = 11 supegravity without dilaton (M-theory):
There are 2 and 5 branes, called M2 and M5.

ga=qp=2 = ¢=0= no overlap.

ga=2,qgg =5 = (¢=1= overlap over 1l-brane.

ga=qg =5 = q= 3= overlap over 3-brane.
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Solution:
D—qq—3
Uy = —Z AL hlhA—l—g()(t),
A
>i
Uy = — —1nhA+ga(t),
T B4
1
v = da T Inha+g(t),
Ay
A
D —2
— ZGAGA< A 1nhA+g¢(t),
A A
Ny _ QA
By = e U], ha = fa(t) + Ha(= F)

where ¢(t)’s and f4(t) are arbitrary functions of ¢, and N4 and Q4
are constants.

]\TA\/Q(ZDAAQ)7 AAE(D—qA—3>(QA+1>+%(D—2)a?4
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2dvg + Z 200 + €4a4g9y = 0,
afgg

It turns out that only single brane can have time dependence with
fa(t) = cat, linear in t, others should be a constant.

The reason is probably that introducing time-dependence amounts
to introducing gravity source, and this causes gravitationalwave,
making the problem nonlinear and untractable.

It is a big challenge to circumvent this problem.

We now give examples of these solutions for D = 11, M-theory,
called M-branes.
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4 Dynamical intersecting M-branes

Intersections of two M-branes.

0|1 3|4 |5|6|7|8|9]|10 I cos | BH
(M2)2 M2 | o |o|o (a) — v
M2 | o o | o
M2M5 M2 | o | o o (a) v Va
M5 | o | o o o o | o (b) v v
(M5)2 M5 [ o|o|o|o]o]o (a) v Va
M5 | o | o o o o | o

The mark |/ in the table

Concrete metrics for two M-branes.

shows which brane is time dependent

M2M2 A=h/"H)" 9o =hy ' Hy*
dlm(Z) Ja Ja
(@] 5 gi=95=hy’ gs =gs=H; '
M2M5 A=n1? g0 = hy ' Hy'
dlm(Z) Ja Ja
(a | 4 gi=hy Hy',gs5=h;' | ga=gs=gas=g5=H;'
M2M5 A=n"H” go = h: 'H;'
dim(Z) Ja o
()| 4 g =hy ' Hy' g6 = Hy '
95=95=9i =95 =h;'
M5M5 A=h"H)" 9o =hy ' Hy*
dlm(Z) Ja Ja
(a) 3 gi=93=93=h; Hy' g6 = g7 = H3 '
gi=9gs=h;'

15
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General solution:
The only one time-dependent brane is denoted by I:

hi=hit,z) = Ajt + Hy(2).

The solution is written as

ds* = A(t, 2) | —golt, 2)dt* + Z galt, 2)(dz®)? + Z G (2)(dy™)* + uij(z)dzidzj

i acl _
with
A = [Agt+ Hi(2)]"T [ Hi(z)" . g0 = [Apt+ Hy(2)] " | [ Hi(2) ™",
T#I I#1
_ )
— [Ait 4+ H(z HHW, 9% = |[H ™" .
I£1 T£I

A; =

p;+1 4 S _ [ forael
D_o ¢ %_Oforozgél'
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Example: M5-M5

3
ds® = (hgHs)** | (hsHs) ™' [ —dt* + (da®)* | + hs
a=1

FHY (dy®)? + ugdz'de |

a=6

A= (hsHs)"?, go=gi=95=95=(hsHs5)"" | g
hg = Agt + Hg)(z) :
Intersections of three M-branes.

SO

g1 =g = H: ",

7

5

3

10

cos

BH

(M5)?

M5
M5
M5

o

(a)

M5
M5
M5

o|o|ofo|Oo|N

ojlo|ofo|oO

(b)

M5
M5
M5

oflo|o|o

(©

M2(M5)?

M2
M5
M5

olOo|[OlO|O|O|O|O|O|O|O|K

(a)
(b)

NN

<<

M2
M5
M5

oflo|o|oO

(a)
(b)

(M2)2M5

M2
M2
M5

(a)
(b)

(M2)?

M2
M2
M2

ollo

o|lo|lo|lo|lo|o||o|lo|]o|lo|o|o|lo|lo|lOo|Oo|O|O|O|O|O|@

(a)

S <

G <

5
1Z(dxo?>2
a=4
=g;=h

17
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Intersections of four M-branes 1.

M5

0|12 5 10 I cos | BH
M5 | o o o o (a) — -
M5 [ o | o | o (b) — —
M5 | o | o] o
M5 | o | o
M5 | o] oo (c) — —
M5 [ o | o | o o
M5 | o | o] o o
(M5)4 M5 [ o | o o
M5 | o] o] o o (d) — —
M5 | o o] o (e) - -
M5 [ o | o | o
M5 | o | o] o o
M5 | o] o] o o (f) — —
M5 | o | o] o
M5 [ o | o | o
M5 | o | o] o o
M2 | o | o] o (a) _ —
M5 | o | o o (b) — _
M5 | o | o
M5 | o | o o
M2 | o] o] o (c) — —
M5 | o | o (d) - —
M2 (M5)3 M5 | o | o o
M5 | o | o o
M2 | o] oo (e) — —
M5 | o] o o (f) — —
M5 | o | o
M5 | o o o (g) — -
M2 | o | o (a) _ _
M2 | o o
M5 | o o] o o (b) — —
M5 | o | oo
M2 [ o | o (c) — —
M2 | o (d) — —
(M2)2 (M5)2 || M5 [ o | o | o o
M5 [ o] oo (e) — —
MZ | o ® vV
M2 | o o
M5 | o | o] o o (g) Vv v
o

18
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Intersections of four M-branes I1.

2(3|4|5|6|7|8|9]|10 1 cos | BH

M2
(M2)% M5 || M2

M5

M2
M2
(M2)4 M2
M2

o o o o | o (b) — -

N
o|lolo|oflo|o|Oo|Oo|@

[e)

o

One can continue this line up to intersecting eight branes, but it
turns out that beyond four branes there is no interesting applica-
tions to physical system.

Near branes (|z| ~ 0):

The spacetime structure is the same as that of the static solution
unless the dimension of Z space is one.

Reason: the metric components diverge as |z| — 0 and the static
harmonic parts dominate the time-dependent terms.

Q4

hyg = cat + —.
rd
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= M2-M2, M2-Mb5, M2-M2-M2, M5-M5-M5, M2-M2-M5-M5 sys-
tems are regular on the branes.

Far away from horizon (|z| — oo and H; — 0):
The spacetime turns out to be time dependent and homogeneous.

New time coordinate
2

T =1o(An)tV2 =
! Af(a,j + 1)

The asymptotic solution

ds? = —dr? + [ — " Z(da:&)Q + (= " Z(dyo‘)2 + ujdz'dz’
7_0 . 7_0 1] )

where

a; — 1 D—p;—3 a; p;+1

=51 Dypi—1 " a¥1 Dip -1
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M-theory (D = 11):

—1/2, gz=1/4, for [ =M2 (p;

—1/5, gz =2/5, for I =Mb5 (p;

q; 2),
q; 5)

= a Kasner-like expansion:
Pig;tppgr=1,
pilap)” + pylag)* =1
pp= (D —p; — 1) is the dimension of the space volume perpendicular

to the I-brane world-volume.
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5 Applications to cosmology and black holes

5.1 Cosmology

We suppose that our three-dimensional universe is a part of branes.
Since our universe is isotropic and homogeneous, same branes must
contain this whole three dimensions.

We find just six cases, i.e., M2-M5, M5-M5, M5-M5-M5, M2-M5-
M5, M2-M2-M5, and M2-M2-M5-M5 brane systems can give an
isotropic and homogeneous three space from the list of our solutions.

The scale factor of the universe is given by

\"i
aj: 7'_0 ,

in terms of the cosmic time with 3; =0,1/7,1/4.

The power is too small to give a realistic expansion law.

In order to find a realistic expansion of the universe in this type of
models, one have to include additional “matter” fields on the brane.
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5.2 Time-dependent black holes

In this case, just as the case of a static black hole, we should
compactify all brane world-volume, and the remaining d-dimension
is our spacetime. (Note the difference from the cosmology.)

Example: M2-M2-M5-M5 brane system
We assume that one M2 brane is time-dependent.

dsi = —(hyHyHsHy)™'?dt* + (hyHyHs Hy)'? (dr? + r2d(33) |

where
t Qs
hs = — 4+ 22,
2 to T
H2:1+—Q2, H5:1+—Q5, H5,:1+—Q5',
T T T

This metric is rewritten as
dgi = —(ﬁ§H2H5H5/>_1/2d7'2 + CLQBH(T><[:[§H2H5H5/>1/2 (d’l“2 -+ ’I“%ZQ%) :

where

Lol

f{Q 14 Q§<T> 7 and ARy = (1) 7
T 70
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with

4

~ T\ 4
QQ p— (—) QQ , and TO = —t().

T 3
This gives an intersting exact solution describing black hole in an
expanding universe.

wl

Detailed causal structure = Maeda-Nozawa
6 Discussions

Summary: We have
e given general intersecting dynamical brane solutions

e given the complete classification of the intersecting M-branes,

e discussed the dynamics of the higher-dimensional supergravity
models with applications to cosmology and black hole physics.

The solutions are the exact spacetime-dependent solutions.
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These solutions were obtained by replacing a time-independent
warp factor h; = Hj(z) of a supersymmetric solution by a time-
dependent function h; = At + H;(z).

Our solutions can contain only one function depending on both
time ¢ and transverse space coordinates z'.

Cosmology:

Supposing that our universe stays at a constant position in the
bulk space, several four-dimensional effective theories on the branes
give four-dimensional Minkowski space or FRW universe.

The power of the scale factor, however, is too small to give a
realistic expansion law.

We have to consider additional matter on the brane in order to
get a realistic expanding universe.
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Black holes:

We can also discuss time-dependent black hole spacetimes which
approach asymptotically the FRW universe, if we regard the bulk
space as our universe.

of these black holes in the expanding
universe are the same as the static solutions.

However are completely different, giv-
ing the FRW universe with scale factors same as the universe filled
by stiff matter.

Consistency:

In the viewpoint of higher-dimensional theory, the dynamics of
four-dimensional background are given by the solution of higher-
dimensional Einstein equations.

If we start from the lower-dimensional effective theory for warped
compactification, it sometimes happens that the solutions may not
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be allowed in the higher-dimensional theory. (it is the case in M5-
M5 brane, M5-M5-M5 and D2-D6 brane systems.)

Reason: the function of z in the metric is integrated out in the
lower-dimensional effective action. and the information of the ex-
tra dimensions in the function h of the metric will be lost by the
compactification.

We have to be careful when we use a four-dimensional effective
theory to analyse the moduli stabilization problem and the cosmo-
logical problems in the framework of warped compactification of
supergravity or M-theory.
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Future direction:

Our solutions can contain only one function depending on both
time and transverse space coordinates, and this seems to be a limi-
tation on the applications of the solutions.

Recent study of similar systems depending on the light-cone time
and space shows that it is possible to obtain solutions with more
nontrivial dependence on spacetime coordinates. (Maeda, N.O.,
Tanabe, Wakebe)

It is interesting to study if similar more general solutions can be
obtained by relaxing some of our ansatze.



