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Prelude-1

• Spontaneous breaking of global symmetries → massless
Goldstone particles

• Properties of Goldstone particles ↔ the nature of the
broken and unbroken symmetries

• Strong interactions: pions ↔ spontaneous breaking of
chiral symmetry

• Low energy physics of pions: nonlinear realization of
chiral symmetry

– Expansion in terms of energy-momentum



Prelude-2

• Goldstino: spontaneous breaking of global SUSY

• Supergravity: Goldstino is part of the massive gravitino

• MSUSY ¿ MP: lower energy physics dominated by
Goldstino

• Goldstino physics could be of importance at the TeV
scale and tested in LHC

• Low energy physics of Goldstinos: linear SUSY/nonlinear
SUSY/constrained superfields



Goldstino Field in O’Raifeataigh-like models

• Linear SUSY, chiral fields responsible for SSB

• Chiral super-multiplet Φ ∼ (φ, ψ, F )

δξφ =
√

2ξψ,

δξψα =
√

2Fξα + i
√

2(σµξ̄)α∂µφ ,

δξF = i
√

2ξ̄σ̄µ∂µψ.

• The Goldstino field

– F -term in one Φ0 develops a nonzero VEV 〈F0〉,
SUSY is spontaneously broken

– Goldstino field ψ0: zero mass and changes as

δξψ0α =
√

2〈F0〉ξα + · · ·
– If several F have nonzero VEVs, realignment can be

made such that only Φ0 has a nonzero VEV.



Goldstino Field in Nonlinear Realization of SUSY

• Non-chiral version

δξλ
α =

1

κ
ξα − iκ(λσµξ̄ − ξσµλ̄)∂µλα

δξλ̄α̇ =
1

κ
ξ̄α̇ − iκ(λσµξ̄ − ξσµλ̄)∂µλ̄α̇

• Chiral version

δξλ̃α =
ξα

κ
− 2iκλ̃σµξ̄∂µλ̃α

• Conversion

λ̃α(x) = λα(z), z = x− iκ2λ(z)σλ̄(z)



Work of Komargodski/Seiberg-1

• Conservation equation: D̄α̇Jαα̇ = DαX

• Supercurrent multiplet:

Jµ = jµ +
[
θα

(
Sµα +

1

3
(σµσ̄ρSρ)α

)
+ h.c.

]

+(θσν θ̄)
(
2Tνµ − 2

3
ηνµT − 1

4
ενµρσ∂[ρjσ]

)

+
i

2
θ2∂µx̄− i

2
θ̄2∂µx + · · ·

X = x(y) +
√

2θψ(y) + θ2F (y)

∂µTµν = ∂µSµα = 0 , Tµν = Tνµ .

ψα =
√

2
3 σ

µ
αα̇S̄α̇

µ , F = 2
3T + i∂µjµ, yµ = xµ + iθσµθ̄



Work of Komargodski/Seiberg-2

• SUSY spontaneously broken, the low-energy supercur-
rent in terms of the massless Goldstino Gα

Sµα =
√

2fσµαα̇Ḡα̇ + f ′(σµν)
β
α∂νGβ + · · ·

• Low-energy Goldstino not accompanied by a massless
scalar, the simplest bosonic state ∼ two Goldstinos

• SUSY partners:
one Goldstino Q

†
α̇|0〉 ∼ “two Goldstinos” Q

†
1̇
Q
†
2̇
|0〉

• ψφ creates a one Goldstino state
φ ∼ x creates a two Goldstino state



Work of Komargodski/Seiberg-3

• In combination with the SUSY algebra

XNL =
G2

2F
+
√

2θG + θ2F, X2
NL = 0

• Integrate out heavy fields by constraints

• Coupling with superfields: spurion Y → msoft
f XNL

Lsoft = −
∫

d4θ

∣∣∣∣∣∣
XNL

f

∣∣∣∣∣∣

2

(m2)j
i(QeV Q̄)i

j

+
∫

d2θ
XNL

f

(
−1

2
BijQ

iQj +
1

6
AijkQiQjQk

)
+ c.c.

Lsoft =
∫

d4θ

∣∣∣∣∣∣
XNL

f

∣∣∣∣∣∣

2

ξDαWα+
∫

d2θ
XNL

f
mλWαWα+c.c. ,



The Web of Relations

• Relation between λ̃ and ψ0

– λ̃ is closely related, but not identical, to ψ0

– λ̃ ' ψ0 to the leading order, if κ−1 =
√

2〈F0〉
• Construct λ̃ out of (φ0, ψ0, F0) ⊂ Φ0

λ̃ =
ψ0√
2κF0

− i
σµ¯̃λ

F0

(
∂µφ0 −

√
2κλ̃∂µψ0 + κ2λ̃2∂µF0

)

• Expressing XNL in the language of nonlinear SUSY

• Comparison with the nonlinear/linear σ-model

– λ ∼ ~π

– (φ0, ψ0, F0) ∼ φa

– X2
NL = 0 ∼ ∑

a φ2
a = constant



Parallels: Pions as Goldstone Bosons-1

• Linear σ-model

– SO(4)-invariant Lagrangian of the linear σ-model

L = −1

2
∂µφn∂µφn −M

2

2
φnφn − λ

4
(φnφn)

2

= −1

2
∂µσ∂µσ − 1

2
σ2

4∑

n=1
∂µRn4∂µRn4 −

1

2
M2σ2 − λ

4
σ4

φn(x) = Rn4(x)σ(x), RTR = 1, σ =
√∑

n
φ2

n

– if M2 < 0, σ has a non-zero VEV



Parallels: Pions as Goldstone Bosons-2

• Nonlinear σ-model

– Redefine the fields

ζa ≡ φa

φ4 + σ
, φa/σ = Ra4 = 2ζa

1+~ζ2
, φ4/σ = R44 =

1− ~ζ2

1 + ~ζ2

Ra4 =
2ζa

1 + ~ζ2
= −R4a, R44 = 1−~ζ2

1+~ζ2
, Rab = δab −

2ζaζb

1 + ~ζ2

– Nonlinear σ-Lagrangian

L = −1

2
∂µσ∂µσ − 2σ2 ~Dµ ~Dµ − 1

2
M2σ2 − λ

4
σ4

~Dµ ≡ ∂µ~ζ

1 + ~ζ2



Parallels: Pions as Goldstone Bosons-3

• Transformation rules in nonlinear σ-model

– Isospin: δ~φ = ~θ × ~φ, δφ4 = 0

δσ = 0, δ~ζ = ~θ × ~ζ, δ ~Dµ = ~θ × ~Dµ

– Axial isospin: δ~φ = 2~εφ4, δφ4 = −2~ε · ~φ
δσ = 0, δ~ζ = ε(1− ~ζ2) + 2~ζ(~ε · ~ζ), δ ~Dµ = 2(~ζ × ~ε)× ~Dµ

• Take F = 2〈σ〉and ~π ≡ F~ζ,
(Set σ to its VEV, constraint:

∑
a φ2

a = 〈σ〉2)

L = −F2

2
~Dµ ~Dµ = −1

2

∂µ~π · ∂µ~π

(1 + ~π2/F2)2



Superspace, Translations, Induced Realization

• Superalgebra

{Q̂α, ¯̂Qα̇} = −2iσ
µ
αα̇∂µ, {Q̂α, Q̂β} = 0, { ¯̂Qα̇, ¯̂Qβ̇} = 0

• Supergroup element in superspace (x, θ, θ̄)

– G(x, θ, θ̄) = exp
[
i(−xµPµ + θQ̂ + θ̄ ¯̂Q)

]

• Multiplication

– G(0, ξ, ξ̄)G(x, θ, θ̄) = G(x + i(θσξ̄ − ξσθ̄), θ + ξ, θ̄ + ξ̄)

• Translation in superspace

– x′ = x + i(θσξ̄ − ξσθ̄), θ′ = θ + ξ, θ̄′ = θ̄ + ξ̄

generated by ξQ + ξ̄Q̄

Qα = ∂α − i(σµθ̄)α∂µ, Q̄α̇ = −∂α̇ + i(θσµ)α̇∂µ



Linear Realization of SUSY

• Induced linear realization of the superalgebra

{Qα, Q̄α̇} = 2iσ
µ
αα̇∂µ, {Qα, Qβ} = 0, {Q̄α̇, Q̄β̇} = 0

• Change in sign, the order of multiplication reversed

• Superfield:

F (x, θ, θ̄) = f(x) + θφ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x)

+ θσµθ̄vµ(x) + θθθ̄λ̄(x) + θ̄θ̄θψ(x) + θθθ̄θ̄d(x)

• Linear transformation mixes different components

δξF (x, θ, θ̄) = (ξQ + ξ̄Q̄)F (x, θ, θ̄)

= δξf(x) + θδξφ(x) + θ̄δξχ̄(x) + θθδξm(x) + θ̄θ̄δξn(x)

+ θσµθ̄δξvµ(x) + θθθ̄δ̄ξλ(x) + θ̄θ̄θδξψ(x) + θθθ̄θ̄δξd(x)



Nonlinear Realizations of SUSY-1

• Induced nonlinear realization: θ → κλ(x)

λ′(x′) = λ(x) +
1

κ
ξ, λ̄′(x′) = λ̄(x) +

1

κ
ξ̄

• Infinitesimal changes
[
vµ

ξ (x) = κ(λσµξ̄ − ξσµλ̄)
]

δξλ
α =

1

κ
ξα − ivµ

ξ (x)∂µλα, δξλ̄α̇ =
1

κ
ξ̄α̇ − ivµ

ξ (x)∂µλ̄α̇

• The SUSY algebra is closed

(δηδξ − δξδη)λ
α = −2i(ησµξ̄ − ξσµη̄)∂µλα

• Matter fields

δξf(x) = −ivµ
ξ (x)∂µf(x)

(δηδξ − δξδη)f = −2i(ησµξ̄ − ξσµη̄)∂µf



Nonlinear Realizations of SUSY-2

• Taking (x′, θ′, θ̄′) as functions of (x, θ, θ̄)

dx′µ = dxµ + idθσµξ̄ − iξσµdθ̄

dθ′α = dθα, dθ̄′̇α = dθ̄α̇

• Define differentials

eµ = dxµ − idθσµθ̄ + iθσµdθ̄

eα = dθα, eα̇ = dθ̄α̇

• (x, θ, θ̄) → (x′, θ′, θ̄′), eµ → e′µ

e′µ = dx′µ − idθ′σµθ̄′+ iθ′σµdθ̄′ = eµ

It is invariant.



Nonlinear Realizations of SUSY-3

• Akulov-Volkov Lagrangian

– Substituting θ = κλ and dθ = κ(∂λ/∂xµ)dxµ

eµ → dxν
[
δµ
ν − iκ2∂νλσµλ̄ + iκ2λσµ∂νλ̄

]
= dxνTµ

ν

– A-V Lagrangian

L = − 1

κ2
detT

– L changes by a total derivative

δξdetT = −iκ∂µ
[
(λσµξ̄ − ξσµλ̄)detT

]

• Any SUSY non-invariant theory can be prompted
to an (nonlinearly) invariant one
(Low energy effective theory, later)



From Linear to Nonlinear SUSY-1

• General linear super-multiplet

Φσ
k

(
x, θ, θ̄

)
= e−κλ(x)Q−κλ̄(x)Q̄Φk(x, θ, θ̄) = Φk(x̃, θ̃, ¯̃θ)

x̃ = x + iκλ(x)σθ̄ − iκθσλ̄(x)

θ̃ = θ − κλ(x), ¯̃θ = θ̄ − κλ̄(x)

• All components of Φσ
k change as matter fields

δξΦ
σ
k(x, θ, θ̄) = −ivν

ξ (x)
∂

∂xν
Φσ

k(x, θ, θ̄)



From Linear to Nonlinear SUSY-2

• Generic action, linear

Sgen =
∫

d4xd4θLgen

×
(
Φt(x, θ),Φk(x, θ, θ̄), DαΦk, DαDβΦk, ...

)

• Generic action, nonlinear

Sgen =
∫

d4xd4θBer
(
x, θ, θ̄

)

×Lgen
(
Φσ

t (x, θ, θ̄),Φσ
k(x, θ, θ̄),4αΦσ

k ,4α4βΦ
σ
k , ...

)

Ber
(
x, θ, θ̄

)
= detT(x) detM(x, θ, θ̄)

Mν
µ(x, θ, θ̄) = δν

µ + iκ∇µλ(x)σν θ̄ − iκθσν∇µλ̄(x)

• Covar. derivatives: ∇ν = (T−1)ν
ρ∂ρ, 4α = ∂

∂θα+i(σµθ̄)α4µ

4µ = (M−1)µ
ν

(
∇ν +∇νλ(x)

∂

∂θ
+∇νλ̄(x)

∂

∂θ̄

)



From Linear to Nonlinear SUSY-3

• Chiral superfield Φt

Φt(x, θ, θ̄) = exp
(
iθσµθ̄∂µ

)
St(x, θ)

Φσ
t (x, θ, θ̄) = L+(∂/∂x, ∂/∂θ)Sσ

t (x, θ)

Sσ
t (x, θ) = St

(
x̃+, θ̃

)

x̃+ = x− 2iκθσλ̄(x) + iκ2λ(x)σλ̄(x)

L+(∂/∂x, ∂/∂θ) = 1 + iθσµθ̄4+
µ +

1

4
θ2θ̄24+

µ 4µ+

M+ν
µ(x, θ) = δν

µ − 2iκθσµ∇νλ̄, 4+
α =

∂

∂θα
+ i(θ̄σµ)α4+

µ ,

4+µ = (M−1
+ )µ

ν

(
∇ν +∇νλ(x)

∂

∂θ

)



From Linear to Nonlinear SUSY-4

• Chiral part of the action, linear

Sch =
∫

d4x
(
d2θLch(St(x, θ)) + C.C

)

• Chiral part of the action, nonlinear

Sch =
∫

d4x
(
d2θBer+ (x, θ)Lch(S

σ
t (x, θ)) + C.C

)

Ber+ (x, θ) = detT(x) detM+(x, θ)



From Linear to Nonlinear SUSY: Recapture

• Linear superfields to nonlinear ones

Ωσ = exp
[
−κ

(
λQ + λ̄Q̄

)]
Ω

• SUSY transformation rules for Ωσ

δξΩ
σ = −i(λσµξ̄ − ξσµλ̄)∂µΩ

σ

• All component fields in Ωσ transform into themselves

• Any of them can be integrated out without breaking
SUSY, via e.o.m. (tree level) or matching (QM), pro-
ducing high dimensional operators

• Extremely heavy ones: set to zero directly

• Whether and how to integrate out a field are dynamical
questions



Construct the Nonlinear Goldstino Field λ

• Generic OR model: (Φ0 → S0 by ridding of iθσθ̄)

S0(x, θ) = φ0(x) +
√

2θψ0(x) + θ2F0(x)

• Essential: 〈F0〉 6= 0

• The corresponding nonlinear super-multiplet

Sσ
0 = S0(x− 2iκθσλ̄(x) + iκ2λ(x)σλ̄(x), θ − κλ(x))

• Construct λ out of the components of S0: demanding
ψσ

0 to vanish and re-express λ in terms of λ̃

λ̃ =
ψ0√
2κF0

− i
σµ¯̃λ

F0

(
∂µφ0 −

√
2κλ̃∂µψ0 + κ2λ̃2∂µF0

)

• The analog of representing ~π in terms of φa in σ-models



Comments on the Construction

• Taking κ−1 =
√

2〈F0〉: λ̃ ' ψ0 to the leading order

• λ̃ (λ) transforms properly

• ψσ
0 = 0 in Φσ

0 = exp
[
−κ

(
λQ + λ̄Q̄

)]
Φ0 when this λ is

used, it is realized by the definition of λ

• ψ0 cannot be dropped by the reasoning of dynamics for
it’s not heavy, it is actually massless

• Feasibility due to the SUSY algebras

• Can always construct a λ for any chiral super-multiplet,
but cannot be used to separate the Goldstino field from
the others



From Linear to Nonlinear Lagrangians

• Standard procedure, with this definition of λ

• No explicit form of λ is needed, the key element is
ψσ

0 = 0, which is all needed

• In the process, the Goldstino field disappears from the
original Lagrangian, but reemerges in the Jacobian of
the transformation and covariant derivatives

• Vertices with Goldstino fields carry at least one space-
time derivative, as one would have expected

• All fields are kept, heavy ones can be integrated out,
via e.o.m. or matching



Mass Spectrum in Nonlinear Lagrangians

• Space-time derivatives are not allowed in potential terms,
Goldstino field is absent in the nonlinear version

• Potential terms in the nonlinear version
∫

d4x(d2θW (Sσ
t , Sσ

0) + h.c.)

• The same structure as the linear version
∫

d4x(d2θW (St, S0) + h.c.)

ψ0 is massless: no bilinear terms ψ0ψ0 or ψ0ψi

• The mass spectrum is not changed by going from the
linear version to nonlinear one by setting ψσ

0 = 0



Construction of the Goldstino field in F-I models

• Abelian gauge field

V = Dθ2θ̄2 + χθθ̄2 + χ̄θ̄θ2 + · · ·
• Non-zero VEV for D → SUSY spontaneously broken

• χ: massless, the Goldstino field

• Define a nonlinear Goldstino field λ by demanding χσ =
0 in nonlinearly realized super-multiplet V σ

• Problems about gauge and supergravity



Constrained Field for the Goldstino-1

• Goldstino field in a linearly chiral superfield XNL

• X2
NL = 0, to rid of the scalar component

– Supersymmetry structure and its breaking

– XNL = G2

2F +
√

2θG + θ2F

• Define λNL = G/
√

2κF

δξλ
NL
α =

ξα

κ
− 2iκλNLσµξ̄∂µλNL

α

• λNL transforms in exactly the same way as λ̃

• λNL = λ̃ and XNL = FΘ2, Θ = θ + κλ̃



Constrained Field for the Goldstino-2

• Self consistent check:

– Xσ
NL = θ2Fσ

– λ disappears in the nonlinearly realized super-multiplet

• Reverse the logic

– For any chiral superfield Φ = φ +
√

2θψ + θ2F

define λΦ = ψ/
√

2κF

δξλ
Φ
α =

ξα

κ
− 2iκλΦσµξ̄∂µλΦ

α +
i

κF
(σµξ̄)α∂µ


φ− ψ2

2F




– Demanding λΦ to transform in the same way as that
of λ̃, one obtains φ = ψ2/2F and Φ2 = 0



Constrained Field for the Goldstino-3

• Prompt λ to a linear superfield

Λ(λ) = exp(θQ + θ̄Q̄)× λ

• Construct two chiral fields out of Λ and Λ̄

Φ2 = −1

4
D̄2ΛΛ, Φ4 = −1

4
D̄2ΛΛΛ̄Λ̄.

Φ2 = f2(λ)Θ2, Φ4 = f4(λ)Θ2,

• f2, f4: definite functions of λ

• f4: the AV Lagrangian up to an overall constant and
possible total derivative terms

• f4/f2 and F/f2 transform as matter fields



Constrained Field for the Goldstino-4

• Some history:

Φ4D̄2Φ̄4 ∼ Φ4

while Φ2 does not have such relation

• The rationale to choose Φ4 instead of Φ2 to be the
superfield for Goldstino

• They differ only by a matter field in the standard real-
ization

• Obvious in retrospect, since Φ2
2 = Φ2

4 = 0, the same
form of factorization



Constrained Field for the Goldstino-4

• Real superfield V4 = Λ2Λ̄2

• V 2
4 = 0 and V4 = f4(λ)Θ2Θ̄2, Θ = θ + κλ

• f4: the AV Lagrangian up to an overall constant and
possible total derivative terms

• V 2 = 0 cannot be preserved under a general gauge
transformation

• For any V = Dθ2θ̄2 + χθθ̄2 + χ̄θ̄θ2 + · · ·
– Define λV = χ/2κD

δξλ
V
α =

ξα

κ
−i(λV σµξ̄−ξσµλ̄V )∂µλV

α+
i

D
(total derivatives)

– Demanding λV to transform in the same way as that
of λ, one gets V = DΘ2Θ̄2

– D/f4 transforms as a matter field



Constrained Field for the Goldstino-5

• The constraint to rid of the scalar component in a chiral
superfield, QNL = φq +

√
2θψq + θ2Fq

XNLQNL = 0

From which, one gets

φq =
ψqG

F
− G2

2F2
Fq

• Equivalent to the constraint φσ = 0



Low Energy Effective Theory-1

• Prompt λ and matter fields to linear super-multiplets

Λ(λ) = exp(θQ + θ̄Q̄)× λ

Ω(λ) = exp(θQ + θ̄Q̄)× ϕ

• SUSY non-invariant action → SUSY invariant one
∫

d4xL(∂µϕ, ϕ)

⇓
κ4

∫
d4xd4θΛΛΛ̄Λ̄L(∂µΩ,Ω)

• Λ(x) = κ−1θ
′
= κ−1θ + λ(z)

Ω(x) = ϕ(z), z = x− iκλ(z)σθ̄ + iκθσλ̄(z)



Low Energy Effective Theory-2

• Integrate out the Grassmann variables: (x, θ) → (z, θ
′
)

S =
∫

d4x(detT) L(∇µϕ, ϕ)

• Same results by changing ∂µ → ∇µ and inserting detT

• S is invariant under nonlinear SUSY transformations

• Integrations over the Grassmann variables can always
be carried out in a similar manner for arbitrary function-
als of Λ and Ω → extra operators for effective theories



Low Energy Effective Theory-3

• Subtleties for gauge theories

• Wess-Zumino gauge, starting with the transformation

δξAµ = −iχσµξ̄ + iξσµχ̄

δξχα = σµνξαFµν + iξD

δξD = −Dµχσµξ̄ − ξσµDµχ̄

• Dµ = ∂µ − iAµ, Fµν = ∂µAν − i∂νAµ − i[Aµ, Aν]

• Construct four superfields Vµ = exp(θQ + θ̄Q̄)×Aµ

• Four nonlinearly realized superfields

V̂µ = exp
[
−κ(λQ + λ̄Q̄)

]
×Vµ = Âµ + iθσµ¯̂χ− iχ̂σµθ̄ + · · ·



Low Energy Effective Theory-4

• Transformation rules of Âµ

δξÂµ = −iκvν
ξ F̂νµ

F̂µν = ∂µÂν − i∂νÂµ − i[Âµ, Âν]

• This can be rewritten as

δξÂµ = −iκvν
ξ ∂νÂµ − iκ∂µvν

ξ Âν + Dµ(iκvν
ξ Âν)

• The last term can be compensated by a gauge trans-
formation of the parameter −iκvν

ξ Âν

• Under this combination of SUSY and gauge transfor-
mations

δ
′
ξÂµ = −iκvν

ξ ∂νÂµ − iκ∂µvν
ξ Âν



Low Energy Effective Theory-5

• Define

Dµ = (T−1)ν
µDν = (T−1)ν

µ(∂ν − iAν)

Fµν = (T−1)ρ
µ(T

−1)σ
ν(∂ρAσ − ∂σAρ − i[Aρ, Aσ])

• Dµ and Fµν transform covariantly under both SUSY and
gauge rotation

• Substitute Dµ → Dµ and Fµν → Fµν:
non-SUSY Lagrangians → SUSY Lagrangians
(with gauge invariance)



Conclusions

• Construct λ̃ out of (φ0, ψ0, F0) ⊂ Φ0

λ̃ =
ψ0√
2κF0

− i
σµ¯̃λ

F0

(
∂µφ0 −

√
2κλ̃∂µψ0 + κ2λ̃2∂µF0

)

• Linear SUSY theories reformulated into non-linear ones

• Goldstino field disappears in the process, reemerges in
the Jacobian and covariant derivatives

• Vertices with Goldstinos carry space-time derivatives

• Heavy ones can be integrated out, via e.o.m. or match-
ing, without breaking SUSY

• Constrained superfield reformulated in terms of the
standard realization: X2

NL = 0 → λ̃ = ψ/
√

2κF

• SUSY non-invariant theories can be prompted to non-
linearly invariant ones



Thank You!


