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Glass formation by cooling  
a liquid (or a polymer)

Observed glass ‶transition″ = kinetic crossover

Facets of glass physics 3

Figure 2. Can you find the glass? The enthalpy or molar volume of a liquid
as the temperature is lowered illustrates the production of three di↵erent glasses. If
crystallization is avoided, glass will be formed upon cooling a liquid (glass 1). Slower
cooling produces a denser glass (glass 2). Isothermal aging below Tg produces an
even denser glass (glass 3). Typical configurations from molecular dynamics computer
simulations are shown for a glass, a supercooled liquid, and a crystal.

periodic crystals, can exist in fully aperiodic structures. Some molecular rearrangements

and flow can still occur below Tg but only extremely slowly, the more so the lower the

temperature. As macroscopically homogeneous solids, glasses are the best materials for

many applications, from optical fibers to windows. In contrast, large crystals tend to

have grain boundaries that scatter light. In addition, glass composition can be widely

varied to optimize properties. Macroscopic homogeneity and compositional flexibility

result from the locally disordered, liquid-like structure of the glass.

Glasses are also fascinating materials from a fundamental perspective because

they represent nonequilibrium disordered states of matter. Understanding them in the

context of thermodynamic phase transitions is an exciting challenge that has yet to be

solved [2]. The glass problem di↵ers fundamentally from its crystalline sibling whose

configuration space is dominated by a unique free-energy minimum that corresponds

to a perfectly ordered structure. By contrast, a glass may take on a large number

of equivalently disordered, imperfect structures. When cooled, the exploration of that
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Arrhenius plot 
of the 

reorientational 
time  

of several  
glass-forming 

molecular 
liquids 

[Roessler et al., 
2013]
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FIG. 8. (a) Ecoop(T)/E∞ versus T/E∞ obtained by fitting τ (T) data interpo-
lated by an exponential function (solid lines) for the three systems 2-methyl
tetrahydrofuran (MTHF), o-terphenyl (OTP), and propylene glycol. (b) Same
data on logarithmic scale; straight lines illustrate an exponential temperature
dependence.

secondary relaxation (β-process), and the separation of the
spectral contributions of α- and β-process and consequently a
reliable estimate of τ (T) may not be straightforward. Except
for the two hydrogen bond network forming liquids glycerol
and propylene glycol µ or m does not vary significantly, and
it is not clear so far whether there are examples of molecu-
lar glass formers which exhibit fragility between the limit of
glycerol/propylene glycol and the group of van der Waals liq-
uids like OTP.

In Fig. 12 (in Appendix D) a possible correlation between
the parameters E∞ and µ is tested. Clearly, no correlation is
found, meaning that the parameters are independent of each

FIG. 9. Correlation between the generalized fragility parameter µ and the
conventionally defined fragility index m; color code as in Fig. 7.

FIG. 10. Reorientational correlation times of the molecular liquids (for ab-
breviations see Table I) obtained by depolarized light scattering includ-
ing DM/TFPI and PCS (full symbols; present work and Refs. 16–18 and
25–27) and from our dielectric database (open symbols).11, 43–46 For the fol-
lowing systems additional data are used: OTP;14, 37–39 MTHF;34, 35 n-butyl
benzene;47, 48 iso-propylene benzene;49–51 trinaphthyl benzene (TNB).52 Vis-
cosity data (rescaled): for OTP,36 TNB,53 and propylene glycol54 (crosses);
for toluene 2H NMR data41 have been included; solid lines: fit by the current
approach (Eq. (3)).

other and we need at least another parameter in addition to
τ∞ and E∞ for describing the increase of the time constants
close to Tg. We note that based on the validity of the VFT
equation a correlation E∞ ∝ Tg/m was proposed for a series
of molecular as well as network glass formers,42 which is not
found in our data. Actually, it is difficult to test because of
the relatively small variation of m in our dataset for molecular
liquids. Accessing the high-temperature activation energy E∞
in network forming glasses such as GeO2 (Tg = 800 K) ap-
pears almost impossible. The authors restricted their analysis
to reduced temperatures T/Tg < 2.5 while, e.g., for MTHF our
present analysis covers a range T/Tg < 4.5.

Finally, we display in Fig. 10 all the data compiled by our
light scattering equipment and complemented in some cases
by the results of other techniques like dielectric spectroscopy
(partly from our group), viscosity, and diffusion. They are al-
most perfectly interpolated by applying Eq. (3). For the first
time, a complete fit of τ (T) from the boiling point down to Tg

has become possible.

IV. CONCLUSION

Combining different light scattering techniques (DM,
TFPI, and PCS), the evolution of the susceptibility spectra
has been measured for a series of molecular glass formers and
for temperatures between the boiling point (T ≤ 440 K) and
Tg. The corresponding Tg values range from 92 K to 333 K.
The time constants presented agree well with those obtained
from other techniques when available. In the case of the
low-Tg liquids a broad high-temperature interval has been
identified for which τ (T) is well described by an Arrhenius
temperature dependence. Here, structural and microscopic
dynamics have essentially merged, i.e., a two-step correlation
function is not observed any longer, and time constants down
to 10−12 s (in some cases even below) have been extracted in
a model independent way. A trend to crossover to Arrhenius
high-temperature dependence well above the melting point
is also found for systems with higher Tg and also for the
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• Phenomenon is universal 
(liquids, polymers, colloids, 
biological systems, granular 
media, etc.) and spectacular. 

• Slowing down faster than 
anticipated from high-T 
behavior:

Tempting to look for a detail-independent collective explanation!
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FIG. 2. (a) Susceptibility master curve of 2-methyl tetrahydrofuran (MTHF)
obtained by rescaling the spectra of Fig. 1(a); solid line: Cole-Davidson (CD)
function with β = 0.48; dashed line: low-frequency limiting behavior χ ′′/χ◦

α

= ωτ ; inset: amplitude χ◦
α of α-relaxation as revealed by constructing the

master curve showing a smooth change with temperature. (b) Corresponding
spectra (cf. Fig. 1(b)) and amplitude χ◦

α for dimethyl phthalate (DMP); CD
fit with β = 0.72 is shown as solid line.

(a)

(b)

FIG. 3. Reorientational correlation function C2(t) of (a) 2-methyl tetrahy-
drofuran (MTHF) and of (b) dimethyl phthalate (DMP) obtained from PCS
(open circles) and from DM/TFPI (after Fourier transformation; lines). Fits
by the time domain expression of the generalized Cole-Davidson function33

(dashed lines).

close to Tg. We included the DM/TFPI decay curves from
Fig. 1 (after Fourier transforming) which extend the dynamic
window to highest temperatures (up to 440 K). Again, due
to the low scattering power of MTHF, the PCS correlation
decay is probed over a rather narrow time window and the
amplitude had to be corrected to match the DM/TFPI data.
In contrast, in the case of DMP a much better data set is ob-
tained, cf. Fig. 4(b). Apparently no change with temperature
in amplitude as well as stretching is recognizable up to high-
est temperatures. After having established its bimodal shape
well above the melting point, essentially no further change is
recognizable in the reorientational correlation function while
cooling down to Tg. Subtle features like the emergence of the
so-called excess wing can only be identified (by bare eyes) af-
ter transforming the data into the frequency domain.7 At high-
est temperatures one can clearly see how the stretched long-
time decay “grows out” of the microscopic peak when the
temperature is decreased, i.e., a new relaxation feature char-
acteristic of glassy dynamics emerges well above the melting
point. Finally, we note that a slow β-process identified in the
dielectric spectra of DMP is not probed by PCS.7, 32

In order to extract time constants and stretching parame-
ters the decays are interpolated by the time domain expression
of the Cole-Davidson function or the more general function
introduced by Kahlau et al.33 (see Appendix B). An excess
wing can be taken into account for modeling the crossover
to the relaxation plateau, but it has virtually no influence on
the value of the time constants of the α-process.7 The corre-
sponding time constants of MTHF are included in Figs. 4, 5,
and 10, and those of DMP in the Figs. 5 and 10.

Figure 4 compares our results τ (T) for MTHF as ob-
tained by the different techniques: DM/TFPI, PCS, DS,34, 35

stimulated echo decay of nuclear magnetic resonance spec-
troscopy (NMR)34 and diffusion34 as a function of recip-
rocal temperature. The data agree very well, no systematic
change is observed among the different methods although
single-particle as well as collective reorientational correla-
tion functions of different rank as well as diffusion data are
probed. Except the PCS data show some small deviations
at high temperatures. We note that a very large temperature
interval of about 350 K is covered and time constants down to

FIG. 4. τ of 2-methyl tetrahydrofuran (MTHF; Tg = 92 K, Tm = 137 K,
and Tb = 352 K) obtained from different techniques (as indicated); present
work (DM/TFPI and PCS) dielectric spectroscopy (DS),34, 35 diffusion coef-
ficient (shifted),34 and NMR (stimulated echo decay).34 Solid line indicates
Arrhenius law at high temperatures.
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Glass formation: a collective phenomenon...



Confocal microscopy of a colloidal suspension. Large 
spheres: fast moving particles (0.5 diam. during τα). 

[Weeks et al., 2000]
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Figure 5 . From [9 9 ]. Reprinted with permissionfrom AAAS. Th ree-d imensional rend ering of
colloid al samples with locations of th e fastest mov ing particles (larg e sph eres) and oth er particles
(smaller sph eres), ov er a fixed time !t . Th e samples are (A) supercooled liquid with φ = 0 .5 6 and
(B) g lassysample with φ = 0 .6 1 . Clearly, inth e supercooled fluid , one cansee larg e clusters of
fast mov ing particles (th ere are 7 0 red particles clustered tog eth er), wh ile th ese clusters are ab sent
inth e g lassysample.

or molecular g lass) or b yincreasing th e v olume fraction(for a colloid al g lass), its v iscosity
increases b y many ord ers of mag nitud e. Th e exact mech anism of th is transition, wh eth er
th ermod ynamic or k inetic, is still a matter of d eb ate [2 6 –2 9 ]. Th e consensus inrecent years
seems to b e th at th e transition, at least for colloid al g lasses, is primarilyk inetic [9 5 , 9 6 ]. One
reasonfor th is is th at no ev id ence of a d iv erg ing correlationleng th h as b eenfound inth e static
local structure of g lasses [8 ]. Most th eories of th e g lass transitionth erefore look at microscopic
d ynamical mech anisms, th e und erlying concept of wh ich inv olv es some form of cooperativ e
motionb etweenth e molecules or colloid s. Th e arrest of motionat th e g lass transitionis said to
b e caused b yth e d iv erg ence of th e size of th ese cooperativ e reg ions [9 7 ].

Sev eral g roups [9 8 , 9 9 ] used confocal microscopy to try to ob serv e th ese ‘d ynamical
h eterog eneities’. Keg el and co-work ers [9 8 ] ob tained ev id ence of th ese spatiallyh eterog eneous
d ynamics b y measuring th e v an Hov e correlation function Gs(!x, τ ) of th e particle
trajectories. Th is quantity is th e ensemb le av erag ed prob ab ility d istrib ution for particle
d isplacements !x and is th erefore a Gaussianfor systems such as colloid al suspensions at
v ery d ilute φ th at are purely Brownian. Due to d ynamical h eterog eneities, h owev er, th is
quantityis no long er Gaussianfor a g lass. Keg el et al found th at Gs(x, τ ) could b e d escrib ed
as a sum of two Gaussians—a wid e one with fast-mov ing particles and a narrow one with
slower particles [9 8 ]—th us ob taining ind irect ev id ence of th e presence of d omains of d iffering
mob ilities.

Week s et al [9 9 ] ob serv ed th e d ynamics of b oth th e fast and th e slow particles in
supercooled colloid al liquid s in3 D. Inth e supercooled ph ase th e motions of th e fast-mov ing
particles were strong lycorrelated spatiallyinclusters. As th e g lass transitionwas approach ed
th ese d omains g rew insize, consistent with th eoretical pred ictions of th e Ad ams and Gib b s
h ypoth esis [1 0 0 ]. Inth e g lass ph ase, h owev er, th e av erag e size of th ese clusters was red uced ,
prov id ing a d ynamic sig nature of th e g lass transition. A comparisonof th e two ph ases is sh own
infig ure 5 with th e fastest particles b eing represented b y larg e sph eres. Inth e supercooled
fluid two larg e clusters with 5 0 –7 0 particles each canb e seenwh ile th e g lass h as a larg er
numb er of small clusters. Th e mob ile particles are weak ly correlated with reg ions of lower
d ensity [1 0 1 , 1 0 2 ], alth oug h th is is not a strong enoug h correlationto b e pred ictiv e of th e
d ynamics inad v ance [1 0 3 ].

1 2

Particle displacements (during roughly 10 τα) 
[Hurley-Harrowell, 1995]
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Glasses and Aging:A Statistical Mechanics Perspective, Figure 6
Intermediate scattering function at wavevector 1.7 Å!1 for the
Si particles at T =2750K obtained frommolecular dynamics sim-
ulations of a model for silica [98]

tively high temperature window that is studied in com-653

puter simulations.654

While Newtonian dynamics is mainly used in numeri-655

cal work on supercooled liquids, a most appropriate choice656

for these materials, it can be interesting to consider alter-657

native dynamics that are not deterministic, or which do658

not conserve the energy. In colloidal glasses and phys-659

ical gels, for instance, particles undergo Brownian mo-660

tion arising from collisions with molecules in the solvent,661

and a stochastic dynamics is more appropriate. Theoret-662

ical considerations might also suggest the study of dif-663

ferent sorts of dynamics for a given interaction between664

particles, for instance, to assess the role of conservation665

laws and structural information. Of course, if a given dy-666

namics satisfies detailed balance with respect to the Boltz-667

mann distribution, all structural quantities remain un-668

changed, but the resulting dynamical behaviour might be669

very different. Several papers [2 7 ,8 8 ,1 5 3 ] have studied in670

detail the influence of the chosen microscopic dynamics671

on the dynamical behaviour in glass-formers using either672

stochastic dynamics (where a friction term and a random673

noise are added to Newton’s equations, the amplitude of674

both terms being related by a fluctuation-dissipation the-675

orem), Brownian dynamics (in which there are no mo-676

menta, and positions evolve with Langevin dynamics), or677

Monte-Carlo dynamics (where the potential energy be-678

tween two configurations is used to accept or reject a trial679

move). Quite surprisingly, the equivalence between these680

three types of stochastic dynamics and the originally stud-681

ied Newtonian dynamics was established at the level of682

the averaged dynamical behaviour [2 7 ,8 8 ,1 5 3 ], except at683

very short times where obvious differences are indeed ex-684

pected. This strongly suggests that an explanation for the685

appearance of slow dynamics in these materials originates686

from their amorphous structure. However, important dif-687

ferences were found when dynamic fluctuations were con-

Glasses and Aging:A Statistical Mechanics Perspective, Figure 7
Spatial map of single particle displacements in the simulation
of a binary mixture of soft spheres in two dimensions [99]. Ar-
rows show the displacement of each particle in a trajectory of
length about 10 times the structural relaxation time. The map
reveals the existence of particleswith differentmobilities during
relaxation, but also the existence of spatial correlations between
these dynamic fluctuations

sidered [2 1 ,2 2 ,2 7 ], even in the long-time regime compris- 688

ing the structural relaxation. 689

Another crucial advantage of molecular simulations is 690

illustrated in Fig. 7 . This figure shows a spatial map of sin- 691

gle particle displacements recorded during the simulation 692

of a binary soft sphere system in two dimensions [9 9 ]. This 693

type of measurement, out of reach of most experimental 694

techniques that study the liquid state, reveals that dynam- 695

ics might be very different from one particle to another. 696

More importantly, Fig. 7 also unambiguously reveals the 697

existence of spatial correlations between these dynamic 698

fluctuations. The presence of non-trivial spatio-temporal 699

fluctuations in supercooled liquids is now called ‘dynamic 700

heterogeneity’ [7 2 ]. This is the phenomenon we discuss in 701

more detail in the next section. 702

Dynamic Heterogeneity 703

Existence of Spatio-temporal Dynamic Fluctuations 704

A new facet of the relaxational behaviour of supercooled 705

liquids has emerged in the last decade thanks to a consid- 706

erable experimental and theoretical effort. It is called ‘dy- 707

namic heterogeneity’ (DH), and plays now a central role 708

Computer simulation Experiment on colloids

• Dynamic heterogeneities: When approaching glass formation, presence of 
fast and slow moving regions over an increasing time scale

• From simulations and experiments: The associated  correlation length 
grows as T↘︎, but never bigger than 5 to <10 molecular diameters. 

 Growing spatial correlations in the dynamics



Collective behavior, yet…

• No significant change in the structure 

• The static pair density correlation function (structure 
factor) varies weakly with temperature and the 
associated correlation length stays small.

Static structure factor S(Q)  
of liquid m-toluidine at several 
temperatures from just above 
melting (Tm) to below the glass 
transition (Tg). 
[C. Alba-Simionesco et al. ’04]



Dramatic dynamic change with no apparent 
change in the structure

Two equilibrium configurations of a simulated 2D glass-
forming liquid mixture corresponding to relaxation times 
that differ by a factor 1012 [Berthier-Ozawa-Scalliet ’19].

Configurational entropy of glass-forming liquids

Ludovic Berthier,
1
Misaki Ozawa,

1
and Camille Scalliet

1

Laboratoire Charles Coulomb (L2C), Université de Montpellier, CNRS, Montpellier,
France

(Dated: 10 June 2019)

The configurational entropy is one of the most important thermodynamic quantities characterizing super-
cooled liquids approaching the glass transition. Despite decades of experimental, theoretical, and computa-
tional investigation, a widely accepted definition of the configurational entropy is missing, its quantitative
characterization remains fraud with di�culties, misconceptions and paradoxes, and its physical relevance is
vividly debated. Motivated by recent computational progress, we o↵er a pedagogical perspective on the con-
figurational entropy in glass-forming liquids. We first explain why the configurational entropy has become
a key quantity to describe glassy materials, from early empirical observations to modern theoretical treat-
ments. We explain why practical measurements necessarily require approximations that make its physical
interpretation delicate. We then demonstrate that computer simulations have become an invaluable tool
to obtain precise, non-ambiguous, and experimentally-relevant measurements of the configurational entropy.
We describe a panel of available computational tools, o↵ering for each method a critical discussion. This
perspective should be useful to both experimentalists and theoreticians interested in glassy materials and
complex systems.

I. CONFIGURATIONAL ENTROPY AND GLASS

FORMATION

A. The glass transition

When a liquid is cooled, it can either form a crystal
or avoid crystallization and become a supercooled liquid.
In the latter case, the liquid remains structurally disor-
dered, but its relaxation time increases so fast that there
exists a temperature, called the glass temperature Tg,
below which structural relaxation takes such a long time
that it becomes impossible to observe. The liquid is then
trapped virtually forever in one of many possible struc-
turally disordered states: this is the basic phenomenology
of the glass transition.1–4 Clearly, Tg depends on the mea-
surement timescale and shifts to lower temperatures for
longer observation times. The experimental glass transi-
tion is not a genuine phase transition, as it is not defined
independently of the observer.

The rich phenomenology characterizing the approach
to the glass transition has given rise to a thick litera-
ture. It is not our goal to review it, and we refer in-
stead to previous articles.1–9 There are convincing indi-
cations that the dynamic slowing down of supercooled
liquids is accompanied by an increasingly collective re-
laxation dynamics. This is seen directly by the measure-
ment of growing lengthscales for these dynamic hetero-
geneities,10–12 or more indirectly by the growth of the ap-
parent activation energy for structural relaxation, as seen
in its non-Arrhenius temperature dependence. These ob-
servations suggest an interpretation of the experimental
glass transition in terms of a generic, collective mecha-
nism possibly controlled by a sharp phase transition.13

‘Solving the glass problem’ thus amounts to identifying
and obtaining direct experimental signatures about the
fundamental nature and the mathematical description of
this mechanism.

Why is this endeavor so di�cult as compared to other
phase transformations encountered in condensed mat-
ter?14,15 The core problem is illustrated in Fig. 1 by two
particle configurations taken from a recent computer sim-
ulation.16 The left panel shows an equilibrium configura-
tion of a two-dimensional liquid with a relaxation time of
order 10�10 s, using experimental units appropriate for a
molecular system. The right panel shows another equi-
librium configuration now produced close to Tg with an
estimated relaxation timescale of order 100 s. The system
on the right flows 1012 times slower than the one on the
left, but to the naked eye both configurations look quite
similar. In conventional phase transitions,14,15 a struc-
tural change takes place and some form of (crystalline,
nematic, ferromagnetic, etc.) order appears. Glass for-
mation is not accompanied by such an obvious structural
change. Therefore, the key to unlock the glass problem
is to first identify the correct physical observables to dis-

FIG. 1. Two equilibrium configurations of a two-dimensional

glass-forming model characterized by relaxation times that

di↵er by a factor 10
12
. The two density profiles appear to

the naked eye similarly featureless. These two states in fact

di↵er by the number of available equilibrium states and the

configurational entropy quantifies this di↵erence.
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If not in the pair structure, what is the 
origin of the glassy slowdown? 



Some theoretical ingredients
                                                                                            configurational space 
•Complex (free) energy landscape:  
Presence of an exponentially large number of metastable states  
that may trap the system.  

•Frustration and preferred local order:                                        real space 
Frustration = One cannot minimize the (free) energy of a system  
by simultaneously optimizing all local interactions. 
=> Preferred local order is frustrated (e.g., tetrahedral/icosahedral). 
=> Multiplicity of low-lying “metastable” states. 

•Dynamical facilitation:                                                               space-time    
Focus is on how mobility triggers mobility in nearby regions  
rather than how mobility spontaneously appears. 
Sparse mobility defects in an essentially frozen background.  

sition coincides with an entropy crisis in trajectory space,
rather than in configuration space.

This work was supported by the National Science
Foundation, the Glasstone Fund, and Merton College,
Oxford.
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FIG. 2. Equilibrium trajectories at T = 1.0 for the un-
constrained case (top), the FA (bottom left) and East model
(bottom right). The vertical direction is space, corresponding
to a spatial window of systems of size L = 105. The horizontal
direction is time. Black/white correspond to up/down spins.

FIG. 3. Geometry of slow domains imposed by the dynam-
ical constraints. Top: allowed boundaries between regions of
up (black) and down spins (white). Bottom: shape of domains
in the FA model (left) and in the East model (right).
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FIG. 5. Energetically favored wetting of the boundary of a
spin down domain in the East model.

4

• Rarefaction of metastable states (mean-field)

=> Growth of some generic amorphous order  

and entropy crisis + dynamical transition

=> Mean-field theory of the glass transition

[Wolynes, Kurchan,Parisi,Zamponi,Franz,Mézard,...]

• Growth of some local order 
=> liquid-specific local order parameter

! Both lead/posit activated dynamic scaling at low T

3

N1
states

3

(1) (2)s     (3)s    cc c= =

c B is      k  Log(N  )/ Vdrop~(i)

s    

N
statesstates

N2

FIG. 1: Appearance of an exponentially large number of
meta-stable configurations and the possibility for a system to
realize these configurations gives rise to the configurational
entropy. The latter serves as the driving force for the struc-
ture change in the glassy phase. The energy cost to match the
boundaries between the different density configurations gives
rise to the energy barriers. The fluctuations of the configura-
tional entropy give rise to the energy barrier fluctuations.

dependence of the static barrier fluctuations and of the
exponent β for stretched exponential relaxation as well
as the variation of the dielectric response with frequency
and temperature.

This paper is organized as follows. In the next sec-
tion we introduce the replica effective potential formal-
ism to analyze barrier fluctuations in glassforming liq-
uids. We motivate the approach by starting from a den-
sity functional approach to liquids and using an equi-
librium replica theory to derive the mean field theory as
starting point of our calculation. Next we analyze fluctu-
ations of the configurational entropy in bulk, summarize
the effective potential approach of Ref.19 and the instan-
ton calculation that yields the mean barrier F ‡. Finally
we demonstrate how higher moments of the barrier dis-
tribution can be derived within the same formalism. At
the end of the section we present our results for physical
observables. The paper is concluded with a summarizing
section.

II. THE REPLICA EFFECTIVE POTENTIAL
FORMALISM

A. Motivation and cloned replica approach

We start our description of glassy systems from the
point of view that there exists a density functional, φ [ρ],
that describes a supercooled liquid undergoing a mean
field glass transition. Initially, such an approach was
used in Ref.27 where it was shown that it allows one to
describe the emergence of a metastable amorphous solid,
Fig. 2. Following the classical approach to freezing into
ordered crystalline states28, the density was assumed to

be ρ (r) =
!

α
π

"3/2 #
i e−α(r−ri)

2

. Here, α determines the

Lindemann length, α−1/2 over which particles are local-
ized. In distinction to crystallization, the mean positions,
ri, of an amorphous solid were taken to be those of a ran-
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FIG. 2: The typical energy landscape in the structural glassy
phase as a function of density (left panel) and the effective
potential, which is used to describe the transition between
the nonergodic glassy states and the ergodic liquid state (right
panel).

dom hard sphere packing29, instead of the periodic crys-
tal lattice positions. The free energy of this amorphous
solid was shown to have a global minimum at α = 0 and
a local minimum for finite α. If α ≃ V −2/3 → 0, the
particles are delocalized and the system in an ergodic
liquid state with homogeneous density ρ0 = N

V . Finite
α corresponds to a frozen amorphous solid i.e. a glassy
state. For T > TK the amorphous solid is metastable
with respect to the liquid, and higher in free energy by
TSc. It is of course always metastable with respect to the
crystalline solid. Essentially the same mean field physics
can be described in terms of a formally more precise
replica approach, introduced by Monasson30. Here one
determines the partition function in the presence of a bias
configuration $ρ (r):

Z [$ρ] =

%
Dρe−βφ[ρ]−g

R
ddx(ρ(x)−bρ(x))2 (10)

Here,
&

Dρ... corresponds to the statistical sum over all
density configurations of the system. The free energy of
a bias configuration is

f [$ρ] = −T log Z [$ρ] . (11)

Physically f [$ρ] can be interpreted as the free energy for
a metastable amorphous configuration of atoms, for ex-
ample with density $ρ (x) being a sum over Gaussians dis-
cussed above. In the replica formalism, no specific config-
uration like this needs to be specified in order to perform
the calculation. Rather, the assumption is made that the
probability distribution for metastable configurations is
determined by f [$ρ] according

P [$ρ] ∝ exp (−βefff [$ρ]) (12)

and is characterized by the effective temperature Teff =
β−1

eff ≥ T . This allows one to determine the mean free
energy

F =

%
D$ρf [$ρ]P [$ρ] (13)



The mean-field theory of glass formation 
and beyond 



• Mean-field theory of glass formation [Wolynes-Kirkpatrick-Thirumalai 80’s, 
Parisi & coworkers]: Glassiness is associated with properties of the 
underlying rugged free-energy landscape. 

• Exact in liquids in limit d → ∞. 
[Zamponi-Parisi-Kurchan-Urbani-Charbonneau ’12-20]
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Mean-field theory of glass formation:  
An underlying complex landscape
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MF theory of glass formation (d æ +Œ)

Adapted from Theory of simple liquids, G. Parisi, P. Urbani and F. Zamponi (2020).

I Rugged free energy landscape for T < Td with N (T ) ≥ e
N�(T )/kB minima.

I For T < Td, metastable glass phase with respect to the liquid.

I Configurational entropy �(T ) = entropic cost to be localised in one state:

Fg(T ) ≠ Fliq(T ) = T �(T ).

I At T = TK < Td, equilibrium liquid-to-glass phase transition: �(T ) ≠æ
T æTK

0 and
the lowest free energy states control the statics.
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Configuration 
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Standard 
liquid
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states

Ideal glass



• Dynamical (mode-coupling-like)  
transition at Td: below, exponential  
number of metastable states that  
trap the system and associated  
configurational entropy density sc. 

• Thermodynamic transition at TK  
to an ideal glass: the configurational entropy  
vanishes (random first-order transition/RFOT,  
or Kauzmann catastrophe). 

Mean-field theory of glass formation: 
two glass transitions
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FIG. 1: Dynamic (empty squares) and static (filled squares)

rescaled lengths bℓd and bℓs, for a Kac model with two and four
spin interactions. The vertical lines correspond to the mode
coupling and thermodynamic glass transitions Td ≈ 0.813526
and Ts ≈ 0.766287. In the inset, the rescaled lengths as func-
tions of (T − Td) (for bℓd) and (T − Ts) (for bℓs). The dotted
lines have slope (respectively) −1/4 and −1.

tivated behavior that should hold below Td (we expect
τ ∼ exp(ℓψ

s ) with ψ ≤ d − 1). In a model with large-
but-finite interaction range γ−1 (see below), one finds

ℓs(T, γ) ≈ γ−1!ℓs(T ), and the two types of dynamics can
be distinguished sharply (exponentially in 1/γ).

The two regimes can be bridged defining a new dy-
namical length ℓd which separates scales ℓ ≫ ℓd on
which non-activated relaxation is possible, from scales
ℓ ≪ ℓd on which activation is necessary. In order to pre-
cise this notion, consider a system initialized by setting
s(t = 0) = s(α) and constrained to remain close to s(α)

outside Bx0(ℓ) at all subsequent times, and let τ(ℓ) be the
shortest time such that ⟨sx0(0)sx0(t)⟩conn decays below ε.
By the above definition τ(ℓ) = ∞ for ℓ < ℓs. We define
ℓd by the property that τ(ℓ) is (exponentially) divergent
as γ → 0 for ℓ < ℓd, and stays bounded for ℓ > ℓd.

In the following we shall compute ℓs and ℓd in a d-
dimensional spherical p-spin disordered model with Kac
interactions. Its elementary degrees of freedom are soft
spins si ∈ R, associated to the vertices of a cubic lattice of
size 2L (i.e. i ∈ {−L+ 1, . . . , L}d), with periodic bound-
ary conditions. Given the interaction range γ−1 > 0 and
a non-negative rapidly decreasing function ψ : R+ → R+,
normalized by

"
ψ(|x|) ddx = 1, we define the local

overlap of two configurations s(1) and s(2) as Q12(i) =

γd
#

j ψ(γ|i − j|) s(1)
j s(2)

j . The local spherical constraint

is Q11(i) = γd
#

j ψ(γ|i − j|) s(1)
j s(1)

j = 1. The Hamilto-
nian H(s) is a quenched Gaussian random variable of zero
mean and covariance E[H(s(1))H(s(2))] =

#
i f

$
Q12(i)

%

where f(x) is a polynomial with positive coefficients. In
the following we shall use as running example the poly-
nomial f(x) = 1

10 x2 +x4 (i.e. a model with two and four
spin interactions) in d = 2 dimensions (but the critical

behavior is independent of d ≥ 2). While the quartic
term in the polynomial assures the wanted phenomenol-
ogy at the mean-field level, the relatively small quadratic
term is introduced to have a regular gradient expansion of
the free-energy functional (see below and [11]). The Kac
limit is defined as L ≫ γ−1 ≫ 1 (in other words, the limit
γ → 0 is taken after L → ∞). It is convenient to define

the rescaled lengths !ℓs/d ≡ γ ℓs/d that admit a finite limit

as γ → 0. In Fig. 1 we plot !ℓd and !ℓs as functions of tem-
perature for our running example, in the Kac limit. They
diverge at two distinct temperatures Td and Ts. The dy-
namical length diverges as !ℓd ∼ (T −Td)−1/4. This is the
same behavior as (independently) found within MCT for
the length ξd [6, 14], we therefore identify ℓd with ξd.

The static length behaves as !ℓs ∼ 1/Σ(T ) ∼ (T − Ts)−1

corresponding to θ = d − 1.
We shall now explain how the lengths ℓd and ℓs have

been computed. Consider a reference configuration s(α),
a sphere B0(ℓ) with radius ℓ, centered at x = 0, and let
q ≤ 1. We introduce the constrained Boltzmann measure
⟨ · ⟩αℓ by setting

⟨O⟩ℓα =
1

Zα

&

s
O(s) e−βH(s)

'

i̸∈B0(ℓ)

δ
$
Qs,s(α)(i) − q

%
, (1)

where
"

s denotes integration over configurations satisfy-
ing the local spherical constraint. For technical reasons
it is preferable to take q < 1: s is only required to be
close to s(α) outside B0(ℓ). The results are qualitatively
independent of q if this is large enough. Next we define
the correlation function

G(ℓ) ≡ E
(
Es(α)

)
⟨Qs,s(α)(0)⟩αℓ

*+
, (2)

where Es(α) and E denote (respectively) averages over the
reference configuration and the quenched disorder. The
static length scale ℓs is the smallest ℓ such that G(ℓ) ≤ ε.

The averages Es(α) and E can be taken by introducing
replicas along the lines of [11]. Integrals over the spin
variables are then traded for and nr × nr matrix order
parameter qab(i). Next we rescale the position to define
x = γ i ∈ [−!L, !L]d, !L ≡ γL, and write (with an abuse of
notation) qab = qab(x), to get

G(ℓ) = lim
n → 0
r → 1

&
q1,n+1(0) e

− 1
γd S[qab] d[qab] . (3)

The dependency upon γ is now completely explicit and
the functional integral can be performed using the sad-
dle point method. Inspired by the solution of the mean
field model [15], we look for a one-step replica sym-
metry breaking (1RSB) saddle point q1RSB

ab (x). This
is characterized by three scalar functions p(x), q1(x)
and q0(x) and by a single Parisi 1RSB parameter m.
While p(x) is the local overlap between the reference
configuration s(α) and the constrained one s, q1(x) and

T

• Rarefaction of metastable states (mean-field)

=> Growth of some generic amorphous order  

and entropy crisis + dynamical transition

=> Mean-field theory of the glass transition

[Wolynes, Kurchan,Parisi,Zamponi,Franz,Mézard,...]

• Growth of some local order 
=> liquid-specific local order parameter

! Both lead/posit activated dynamic scaling at low T
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FIG. 1: Appearance of an exponentially large number of
meta-stable configurations and the possibility for a system to
realize these configurations gives rise to the configurational
entropy. The latter serves as the driving force for the struc-
ture change in the glassy phase. The energy cost to match the
boundaries between the different density configurations gives
rise to the energy barriers. The fluctuations of the configura-
tional entropy give rise to the energy barrier fluctuations.

dependence of the static barrier fluctuations and of the
exponent β for stretched exponential relaxation as well
as the variation of the dielectric response with frequency
and temperature.

This paper is organized as follows. In the next sec-
tion we introduce the replica effective potential formal-
ism to analyze barrier fluctuations in glassforming liq-
uids. We motivate the approach by starting from a den-
sity functional approach to liquids and using an equi-
librium replica theory to derive the mean field theory as
starting point of our calculation. Next we analyze fluctu-
ations of the configurational entropy in bulk, summarize
the effective potential approach of Ref.19 and the instan-
ton calculation that yields the mean barrier F ‡. Finally
we demonstrate how higher moments of the barrier dis-
tribution can be derived within the same formalism. At
the end of the section we present our results for physical
observables. The paper is concluded with a summarizing
section.

II. THE REPLICA EFFECTIVE POTENTIAL
FORMALISM

A. Motivation and cloned replica approach

We start our description of glassy systems from the
point of view that there exists a density functional, φ [ρ],
that describes a supercooled liquid undergoing a mean
field glass transition. Initially, such an approach was
used in Ref.27 where it was shown that it allows one to
describe the emergence of a metastable amorphous solid,
Fig. 2. Following the classical approach to freezing into
ordered crystalline states28, the density was assumed to

be ρ (r) =
!

α
π

"3/2 #
i e−α(r−ri)

2

. Here, α determines the

Lindemann length, α−1/2 over which particles are local-
ized. In distinction to crystallization, the mean positions,
ri, of an amorphous solid were taken to be those of a ran-
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FIG. 2: The typical energy landscape in the structural glassy
phase as a function of density (left panel) and the effective
potential, which is used to describe the transition between
the nonergodic glassy states and the ergodic liquid state (right
panel).

dom hard sphere packing29, instead of the periodic crys-
tal lattice positions. The free energy of this amorphous
solid was shown to have a global minimum at α = 0 and
a local minimum for finite α. If α ≃ V −2/3 → 0, the
particles are delocalized and the system in an ergodic
liquid state with homogeneous density ρ0 = N

V . Finite
α corresponds to a frozen amorphous solid i.e. a glassy
state. For T > TK the amorphous solid is metastable
with respect to the liquid, and higher in free energy by
TSc. It is of course always metastable with respect to the
crystalline solid. Essentially the same mean field physics
can be described in terms of a formally more precise
replica approach, introduced by Monasson30. Here one
determines the partition function in the presence of a bias
configuration $ρ (r):

Z [$ρ] =

%
Dρe−βφ[ρ]−g

R
ddx(ρ(x)−bρ(x))2 (10)

Here,
&

Dρ... corresponds to the statistical sum over all
density configurations of the system. The free energy of
a bias configuration is

f [$ρ] = −T log Z [$ρ] . (11)

Physically f [$ρ] can be interpreted as the free energy for
a metastable amorphous configuration of atoms, for ex-
ample with density $ρ (x) being a sum over Gaussians dis-
cussed above. In the replica formalism, no specific config-
uration like this needs to be specified in order to perform
the calculation. Rather, the assumption is made that the
probability distribution for metastable configurations is
determined by f [$ρ] according

P [$ρ] ∝ exp (−βefff [$ρ]) (12)

and is characterized by the effective temperature Teff =
β−1

eff ≥ T . This allows one to determine the mean free
energy

F =

%
D$ρf [$ρ]P [$ρ] (13)

drainage of 
metastable states

⌧

Sc &

Ideal
glass



• A convenient order parameter is obtained by comparing 
configurations (rather than looking at their individual structure). 

• Overlap is a measure of the similarity between the density profiles of 
two configurations: 

• The overlap Q is low in the liquid (configurations in different 
metastable free-energy states) and high in the ideal glass (same state).  
It jumps discontinuously at TK. 
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Order parameter for the glass transition: 
the overlap

3

tion, and what is the corresponding symmetry breaking?

III. LANDAU THEORY OF THE GLASS
TRANSITION IN THE MEAN-FIELD LIMIT

A series of works initiated in 2012 has led to the com-
plete derivation of an analytic solution of the glass transi-
tion for simple models of glass-forming liquids which be-
comes mathematically exact in the limit of a large num-
ber of space dimensions, d ! 1 [10]. This non-physical
mathematical limit makes the statistical mechanics of su-
percooled liquids exactly solvable. Such a situation is
very common in statistical mechanics where it is often
found that mean-field approximate solutions in finite di-
mensions become exact when d becomes large [7]. In
large dimensions, the interactions between a given par-
ticle and its neighbours can be replaced by an average
force which can be self-consistently determined. De-
spite this immense simplification, the calculation remains
mathematically involved because it requires the explicit
description of the aperiodic structure characterising the
glass phase. The results found in large dimensions con-
firm a long series of earlier results which hinted at the
nature of the glass transition when using mean-field ap-
proximations [11–13].

It is possible to outline the main results obtained in
this framework following the Landau approach described
in Sec. II. To this end, the first step is to identify the good
order parameter, Q, which can distinguish between the
equilibrium liquid and glass phases, and then to express
the free energy of the system as a function of Q, V (Q).
In this context, a suitable choice for Q is what is called
the overlap and for the associated V (Q) the Franz-Parisi
potential [14].

What indeed is a good order parameter Q? Clearly,
neither the average density nor its spatial fluctuations
can be used because if the glass looks like an arrested
liquid then its density, ⇢, its pair correlation function
g(r) and its static structure factor S(k) also look similar.
Therefore, contrary to the description of the liquid state
where they play a key role [15], density fluctuations are
uninteresting spectators of the glass transition.

The correct answer originates from another physics
problem where glassy behaviour is also found, namely,
spin glasses [16, 17]. Although spin glass physics has
a much shorter history than structural glass physics,
the formulation of statistical mechanics models for spin
glasses and a deep analytic understanding of their prop-
erties went comparatively much faster. Spin glass mod-
els describe spins with interactions mediated by random
coupling constants, which makes it possible to describe
the properties of dilute magnetic alloys [18]. The appro-
riate order parameter to distinguish the spin glass and
paramagnetic phases is the overlap Q between magneti-
sation profiles of two independent copies (usually called
“replicas” in the field of disordered systems) of the same
system [18]. For Ising spins, this is simply expressed as

FIG. 2. Overlap order parameter Q of the liquid-glass
transition. It quantifies the degree of similarity between
the density profiles of two independent equilibrium configu-
rations (here obtained from numerical simulations of a two-
dimensional glass-forming liquid [19]). For T > TK, the liquid
explores a large number of equilibrium structures and Q ' 0.
Instead, in the equilibrium glass for T < TK, all equilibrium
configurations are very similar and Q > 0.
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the same spin in the second copy. Clearly, the overlap
Q ' 1 if copies 1 and 2 are highly correlated (spin glass),
whereas for uncorrelated configurations Q ' 0 (paramag-
net). The overlap Q then quantifies the degree of similar-
ity of the local degrees of freedom (here, the spins) in two
configurations of the system drawn from the equilibrium
Boltzmann distribution.

For supercooled liquids, the overlap quantifies the de-
gree of similarity between the density profiles measured
in two independent configurations. As sketched in Fig. 2,
for two copies in which the density profiles are uncorre-
lated, Q ' 0 but the overlap becomes close to 1 for cor-
related configurations. The order parameter Q can also
be interpreted as a distance between the two copies in
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tion, and what is the corresponding symmetry breaking?

III. LANDAU THEORY OF THE GLASS
TRANSITION IN THE MEAN-FIELD LIMIT
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potential [14].
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liquid then its density, ⇢, its pair correlation function
g(r) and its static structure factor S(k) also look similar.
Therefore, contrary to the description of the liquid state
where they play a key role [15], density fluctuations are
uninteresting spectators of the glass transition.

The correct answer originates from another physics
problem where glassy behaviour is also found, namely,
spin glasses [16, 17]. Although spin glass physics has
a much shorter history than structural glass physics,
the formulation of statistical mechanics models for spin
glasses and a deep analytic understanding of their prop-
erties went comparatively much faster. Spin glass mod-
els describe spins with interactions mediated by random
coupling constants, which makes it possible to describe
the properties of dilute magnetic alloys [18]. The appro-
riate order parameter to distinguish the spin glass and
paramagnetic phases is the overlap Q between magneti-
sation profiles of two independent copies (usually called
“replicas” in the field of disordered systems) of the same
system [18]. For Ising spins, this is simply expressed as
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transition. It quantifies the degree of similarity between
the density profiles of two independent equilibrium configu-
rations (here obtained from numerical simulations of a two-
dimensional glass-forming liquid [19]). For T > TK, the liquid
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Q ' 1 if copies 1 and 2 are highly correlated (spin glass),
whereas for uncorrelated configurations Q ' 0 (paramag-
net). The overlap Q then quantifies the degree of similar-
ity of the local degrees of freedom (here, the spins) in two
configurations of the system drawn from the equilibrium
Boltzmann distribution.

For supercooled liquids, the overlap quantifies the de-
gree of similarity between the density profiles measured
in two independent configurations. As sketched in Fig. 2,
for two copies in which the density profiles are uncorre-
lated, Q ' 0 but the overlap becomes close to 1 for cor-
related configurations. The order parameter Q can also
be interpreted as a distance between the two copies in
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FIG. 3. Mean-field theory of glass formation. (a) The Landau free energy V (Q) develops a secondary minimum corre-
sponding to the metastable glass phase approaching TK from above. (b) The free energy di↵erence between the stable liquid
and the metastable glass defines the configurational entropy Sconf(T ), which vanishes continuously at TK, (c) where the overlap
order parameter Q jumps discontinuously to a finite value. (d) Increasing the thermodynamic field ✏ conjugate to Q induces a
first-order transition line for T > TK ending at a critical point in the universality class of the random-field Ising model. Above
the critical point, the line of maximum overlap fluctuations is marked as dash-dotted line.

heat is normally proportional to the entropy jump at a
first-order phase transition. The ideal glass transition is
thus an unconventional example of a discontinuous tran-
sition [22]. More strikingly perhaps, the continuous van-
ishing of the configurational entropy in Fig. 3(b) exactly
realises the scenario in which the ideal glass transition
corresponds to the entropy crisis first put forward by
Kauzmann [4]. With hindsight, Kauzmann’s work ap-
pears truly visionary.

This exposition of the mean-field theory of the glass
transition closely follows traditional descriptions of the
van der Waals model for the liquid-gas transition or the
Curie-Weiss model to describe ferromagnetism. Push-
ing these analogies further, one can introduce the field
✏ that is thermodynamically coupled to the order pa-
rameter Q [14]. This field plays a role similar to the
magnetic field H conjugate to the magnetisation M in
the Curie-Weiss model. It introduces a new contribution
�✏Q in the Hamiltonian which for ✏ > 0 makes large Q

values energetically more favourable. In the presence of a

field, equilibrium is found by looking for the minimum of
the tilted free energy V (Q) � ✏Q for fixed (T , ✏). When
the glass is metastable for T > TK, increasing ✏ trig-
gers a first-order phase transition towards a high-overlap
state, see Fig. 3(d). Physically, this can be understood
from an energy-entropy argument, as for many equilib-
rium phase transitions [9]. When ✏ is increased, the sys-
tem gains energy by adopting a large value of Q but
loses configurational entropy because it only visits a set
of highly-correlated configurations. Beyond a threshold
value ✏

⇤(T ) ' TSconf(T ) = �V (T ), the system ends up
in a high-overlap phase. As a result, the existence of a
discontinuous phase transition at the Kauzmann temper-
ature TK implies the existence of a first-order transition
line in the (T , ✏) plane. This line ends at a second-order
critical point, once again in full analogy with the liquid-
gas transition in the van der Waals description.

The behaviour of the order parameter in the vicin-
ity of a critical point defines universality classes. Each
universality class is characterised by a di↵erent set of
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• Landau free energy for the glass transition: Franz-Parisi potential = 
average free-energy cost to keep equilibrium configurations at a given 
overlap Q with a reference one r0N. [Franz-Parisi ’95-97] 
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Overlap: Franz-Parisi potential

4

C. Mean-field theory of the glass transition

Despite the diversity of theoretical work related to
glass formation, the configurational entropy plays a cen-
tral role. This is natural for theories rooted in thermo-
dynamics and describe an entropy crisis,17,18,68 but the-
ories based on a di↵erent mechanism must also explain
the observed behavior of Sconf , and the role played by a
(possibly avoided) entropy crisis.21,22,46 Finally, theories
based on dynamics must explain why a rapidly changing
Sconf is an irrelevant factor.24,69–71 This makes the con-
cept of configurational entropy, a careful understanding
of its physical content, and the development of precise
numerical measurements important research goals.

The first theory ‘predicting’ an entropy crisis appeared
about a decade after Kauzmann’s work.30,31 Inspired by
lattice polymer studies,72 Gibbs and DiMarzio identified
the decrease of Sexc presented by Kauzmann with the
reduction of the entropy computed within a set of mean-
field approximations. In their lattice model, ‘states’ were
identified with microscopic configurations, with no need
to subtract any vibrational contribution, Sconf ⇡ Stot.
An approximate statistical mechanics treatment of their
model yields Stot ! 0 at a finite temperature.

Revisions and extensions of the Gibbs-DiMarzio work
abound.48,73,74 Modern studies o↵er more detailed treat-
ments of the polymer chain and refined approxima-
tions.75 The entropy may or may not vanish, depending
on the approximations used and the ingredients enter-
ing the model.52,76 An entropy crisis is thus not always
present within the Gibbs-DiMarzio line of thought, but
one cannot draw general conclusions about the existence
of an entropy crisis in supercooled liquids. Moreover, the
distinction between individual configurations and free-
energy minima is generally not considered, which may
be problematic.77 Finally, these works rely heavily on
the polymeric nature of the molecules to make predic-
tions whose validity for simpler particle models or molec-
ular systems is not guaranteed. These works nevertheless
suggest that the presence of a Kauzmann transition could
well be system-dependent. This is demonstrated by some
specific colloidal models in which the entropy crisis is in-
deed avoided with a finite configurational entropy at zero
temperature.49,51

A coherent mean-field theory of the glass transition
was recently derived for classical, o↵-lattice, point parti-
cle systems interacting with generic isotropic pair inter-
actions.78–82 The ‘mean-field’ nature of the theory stems
from the fact that it becomes mathematically exact in
the limit of d ! 1, whereas it amounts to an approxi-
mate analytic treatment for physical dimensions d < 1.
The nature of the glass transition found in this mean-field
limit agrees with results obtained in the past in a variety
of approximate treatments, starting with density func-
tional theory of hard spheres,83 replica calculations of
fully-connected spin glass models,18,84–88 and others.89–91

The fact that distinct models and treatments yield
similar results reflects a universal evolution of the free-

FIG. 4. Schematic plot of the Franz-Parisi free energy in

mean-field theory. Inset: Temperature evolution of the con-

figurational entropy.

energy landscape in glassy systems, with results rediscov-
ered in a variety of contexts.28,92 The theory reveals the
existence of sharp temperature scales where the topog-
raphy of the free-energy landscape changes qualitatively.
There exists a first temperature scale, Tonset, above which
a single global free energy minimum exists, and below
which a large number, N , of free-energy minima appear.
This number scales exponentially with the system size,
which allows for the definition of an entropy, ⌃ = lnN ,93

also called complexity. At a second temperature scale,
Tmct < Tonset, the partition function becomes dominated
by those multiple free-energy minima. This transition
shares many features with the dynamic transition first
discovered in the context of mode-coupling theory.36 The
third critical temperature is TK < Tmct, below which the
number of free-energy minima becomes subextensive, re-
sulting in a vanishing complexity, ⌃(T ! TK) ! 0.
An entropy crisis is thus an analytic result in mean-

field theory, which provides a clear physical interpreta-
tion of the configurational entropy as the logarithm of
the number of free-energy minima, Sconf ⇡ ⌃ = lnN . A
Kauzmann transition is exactly realized, and is referred
to as a random first order transition (RFOT).
The idea that the existence, number, and organization

of distinct free-energy minima control the glass transi-
tion was elegantly captured by an approach developed
by Franz and Parisi.94,95 As in Landau theory, they ex-
pressed the free-energy, or e↵ective potential V (Q), as a
function of a global order parameter Q. As illustrated in
Fig. 3(b), the distinction between liquid and glass phases
stems from the degree of similarity of particle configu-
rations drawn from the Boltzmann distribution. Let us
define an overlap, Q, as the degree of similarity of the
density profiles of two equilibrium configurations, such
that Q ⇡ 0 for uncorrelated profiles (liquid phase), and
Q ⇡ 1 for similar profiles (glass phase); see Eq. (7) below.
The free-energy V (Q) can be computed analytically
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• Exact in liquids in the limit of infinite dimension. 

• Makes many predictions for glass transition(s), glass phase, aging, 
jamming, rheology of glasses, etc.  

• Fate of the predictions in finite dimensions need not be the same 
(e.g., success of jamming predictions!). 

• Here, focus on glass formation, i.e., glass-forming liquids in 
physical dimensions.

Mean-field theory of glass formation



Going to finite dimensions…what are the 
important spatial fluctuations?
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• Fluctuations can be those of the local generalization of the order 
parameter (Ginzburg-Landau-Wilson field-theoretical setting; here, 
the local overlap between configurations) or related to something 
else (local order and locally preferred structures, all sorts of localized 
defects, new mechanisms such as dynamic facilitation). 

• Strictly speaking, finite-temperature metastability does not survive in 
finite dimensions, so that fluctuations could completely wipe out the 
mean-field glassy scenario: 

✴ Disordered spin models (Potts glass) in 3d: no glassiness at 
all or continuous spin-glass transition  
[Cammarota-Biroli-Tarzia-GT ’12] 

✴ Random Lorentz gas in 3d: continuous localization 
transition associated with a percolation transition 
[Charbonneau-Biroli et al. ’21]



Going to finite dimensions…

• Even assuming that some of the mean-field scenario survives in finite 
d, infinite life-time metastable states cannot exist at nonzero T. So 
the dynamical transition at Td can at best persist as a crossover. 
=> Upside: relaxation at and below Td as in real supercooled liquids. 
=> Downside: metastable states are at the core of the mean-field 
description. 

• Length beyond which metastable states are no longer defined = 
Point-to-set correlation length [Biroli-Bouchaud ’04, Montanari-Semerjian 
’06]. From heuristic arguments, 

  

• Measurable through the cavity construction. 
[Biroli et al. ’08]
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Static point-to-set correlations in glass-forming liquids

Ludovic Berthier and Walter Kob
Laboratoire Charles Coulomb, UMR 5221, CNRS and Université Montpellier 2, Montpellier, France

(Dated: November 30, 2011)

We analyze static point-to-set correlations in glass-forming liquids. The generic idea is to freeze the
position of a set of particles in an equilibrium configuration and to perform sampling in the presence
of this additional constraint. Qualitatively different geometries for the confining set of particles
are considered and a detailed comparison of resulting static and dynamic correlation functions is
performed. Our results reveal the existence of static spatial correlations not detected by conventional
two-body correlators, which appear to be decoupled from, and shorter-ranged than, dynamical length
scales characterizing dynamic heterogeneity. We find that the dynamics slows down dramatically
under confinement, which suggests new ways to investigate the glass transition. Our results indicate
that the geometry in which particles are randomly pinned is the best candidate to study static
correlations.

PACS numbers: 05.10.-a, 05.20.Jj, 64.70.kj

The collective nature of the dynamics of supercooled
liquids approaching the glass transition is well estab-
lished [1]. A recent key advance was the study of multi-
point dynamical correlation functions instead of tradi-
tional two-point correlation functions such as the inter-
mediate scattering function. A central outcome is the
determination of a dynamical length scale increasing by
a factor of about 5-10 when glass-formers are cooled
from normal liquid conditions to temperatures around
the glass temperature Tg. This raises the question of
the underlying existence of nontrivial structural corre-
lations, which also grow when the glass transition is
approached, and how they relate to dynamic ones [2].
However, just as two-time dynamic correlation functions
do not detect directly dynamic heterogeneity, two-point
density correlation functions (pair correlation functions)
seem unable to capture the relevant structural correla-
tions, as these functions only show a mild temperature
dependence. There are proposals that three-body ori-
entational order parameters might give insight for some
specific glass-formers [3, 4], or that local geometric struc-
tures might be significant [5, 6], but generic methods to
detect static order still need to be devised.

Recently, the idea emerged that some form of ‘amor-
phous order’ should develop in viscous liquids, which
could be detected through ‘point-to-set’ correlation func-
tions [7–11]. Point-to-set (PTS) correlations probe static
multi-point correlations, since they are determined by
fixing the position of a ‘set’ of k particles and measuring
the probability to find a (k + 1)th particle at position
rk+1. It can be hoped that if the geometry of the frozen
set is well chosen, these multi-point functions yield spa-
tial information without measuring how the correlation
function depends on all its k+1 arguments. For a spher-
ical cavity of radius d, for instance, one expects to detect
a change of physical behavior when d interferes with the
relevant structural length scale [8]. Although first moti-
vated in the context of the random first order transition
(RFOT) theory [12], the set-up is actually more general
and does not rely on any hypothesis regarding the mi-

croscopic nature of the measured correlations. The gen-
erality of the approach thus strongly suggests that it is
important to explore in detail these PTS correlations in
different geometries for the set as well as for various mod-
els of glassy systems. Although reminiscent of studies of
glass-formers in confined geometries [13], we emphasize
that PTS correlations probe genuine bulk correlations,
with no contribution from an external substrate [7, 14].
While difficult to implement for molecular systems, in-
vestigations along the lines suggested in the present work
could be performed in colloidal materials where it is pos-
sible to freeze the position of a selected set of particles
using for instance optical tweezers.
In this work, we show that PTS correlations can be

detected using a broad variety of qualitatively distinct
geometries, see Fig. 1, which all reveal information on
static correlations not included in conventional pair cor-
relations. As a first step, we present the results of com-
puter simulations of a simple glass-former in which we

(a) (b)

2d

(d)

z

(c)

2Δ

2l

FIG. 1: Four qualitatively different geometries to investigate
point-to-set correlations in glass-forming liquids.

<latexit sha1_base64="3YQ8bdz7HwvL9egCSTeRyaKtu4w="></latexit>

⇠pts(T ) ⇠
✓

⌥

Tsc(T )

◆ 1
d�✓



Going to finite dimensions…

 18

• Nontrivial overlap fluctuations leading  
to thermodynamic transitions and  
critical points in the presence of an  
applied field 𝜖 may survive. 

• Investigate this through computer  
simulations [work with B. Guiselin  
and L. Berthier]: 

✴ Strongly accelerated SWAP algorithm  
and optimized glass-forming liquid models in d=2 and d=3 (allows one 
to study equilibrium configurations below the estimated calorimetric 
glass transition) [Ninarello et al. ’17]. 

✴ Umbrella sampling and reweighting techniques. 
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FIG. 1. Sketch of the Franz-Parisi potential Va(Q) in

the mean-field description (left panels) and for a three-

dimensional glass-former (right panels). In the top panels

the temperature is slightly above TK , at which a thermo-

dynamic phase transition takes place: a second minimum is

present in the mean-field description and sc is the configu-

rational entropy; the finite-dimensional system has a convex

potential but with a linear segment between a low-overlap

point and a high-overlap one. In the bottom panels the tem-

perature is slightly below Tc, at which a singular point with

V 00
a (Q) = V 000

a (Q) = 0 exists: no second minimum remains

in mean-field but the potential is still nonconvex; in finite

dimensions the size of the linear segment has shrunk with in-

creasing temperature and goes to zero at Tc. Above Tc the

FP potential is convex with V 00
a (Q) > 0 everywhere, in both

mean-field and finite dimensions.

increases the temperature and disappears at a tempera-
ture Tc at which Va(Q) has vanishing second and third
derivatives.

To unfold these singular features of the FP potential,
which, we recall, characterize the properties of the liq-
uid landscape in configurational space, it is convenient
to apply a source ✏ linearly coupled to the overlap Qa.
Singularities of Va(Q), in the form of either a noncon-
vex portion in the mean-field description or of a straight
segment in finite-dimensional systems in the thermody-
namic limit (see Fig. 1) lead to a line of first-order tran-
sition between a low-overlap phase and a high-overlap
phase in the (✏, T ) diagram. This line emerges from the
Kauzmann transition point TK at zero coupling ✏6–10 and
terminates in a critical point located exactly at the tem-
perature Tc, but at a nonzero critical coupling ✏c. We
stress again that, contrary to the dynamical transition
at Td, this whole line from TK to Tc may a priori be
meaningful beyond mean-field. The existence or not of

such a nontrivial extended phase diagram in actual 3-
dimensional glass-forming liquids is then a key test for
the practical relevance of the mean-field scenario of the
glass transition. What we stress in this work is that the
position of the first-order transition line and of the criti-
cal endpoint in the phase diagram depends on the choice
of the cuto↵ parameter a. We study its variation in detail
and discuss the consequences.
The rest of the paper is organized as follows. In Sec. II,

we present the general statistical-mechanical framework
to describe a transition from low-overlap to high-overlap
phases starting from liquid-state theory. In particular,
we clarify the dependence of several quantities on the
cuto↵ parameter a entering in the definition of the over-
lap. In Sec. III, we present the HNC approximation as
a mean-field-like closure of the theory developed in the
previous section. Within this approximation, we obtain
equations that can be solved numerically to study quan-
titatively the influence of the parameter a. The results
concerning more specifically the critical endpoint of the
line of first-order transition between phases of low and
high overlap are presented in Sec. IV. We also present
analytical arguments and a detailed discussion for the
behavior in the limiting cases of small and large values
of a. In Sec. V, we give results of a computer simu-
lation of a three-dimensional model glass-forming liquid
and we show that they corroborate our theoretical anal-
ysis. Finally, we discuss the implications of our study
and conclude in Sec. VI. Additional details are given in
Appendix A.

II. STATISTICAL MECHANICS OF GLASS-FORMING
LIQUIDS

The most convenient way to compute the FP poten-
tial defined in Eq. (2) is to introduce n replicas of the
constrained equilibrium configuration rN1 , · · · , rN

n
, in or-

der to replace the logarithm appearing in the definition
by a more tractable expression and to take at the end
the limit n ! 0. As is also standard, in the spirit of
the equivalence between the canonical and the grand-
canonical equilibrium ensembles in the thermodynamic
limit, one can replace the ensemble in which Q is the con-
trol parameter by an ensemble in which it is the conjugate
source ✏ that is the control parameter. This replacement
amounts to a Legendre transform6–10,

N�Va(Q) = N�Fa(✏) +N�✏Q, (3)

with

�✏ = �V 0
a
(Q), (4)

where a prime denotes a derivative with respect to the
argument.

Within this replica formalism one is led to consider
an equilibrium liquid mixture of n+ 1 components with



Small systems: nontrivial static overlap 
fluctuations and rounded transitions
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• Franz-Parisi potential measured from the overlap fluctuations in 2d and 
3d liquid models show remnants of mean-field behavior. (Clearer 
thanks to the swap that allows one to cover a wider range of T.) 

3d (N=600) and 2d (N=64) liquids 
[Guiselin-Berthier-GT ’22]

7

and therefore takes a unique value at any given ✏ in a
finite-size system. (Loops could be observed in a “micro-
canonical” iso-overlap ensemble which, in the case of
phase coexistence, is not equivalent to the canonical en-
semble for a finite-size system.) Isotherms in the canoni-
cal ensemble can become strictly flat, but in the thermo-
dynamic limit only. For finite-size systems, they display
a residual slope of order 1/

p
N in disordered systems:

see Eq. (12). A finite-size analysis is therefore necessary
to detect whether the remnants of the mean-field phe-
nomenology seen in relatively small systems persist as a
true phase transition in the thermodynamic limit.

As mentioned in the previous section, our numerical
strategy not only enables us to measure the average over-
lap but also its full probability distribution averaged over
the reference configurations, P✏(Q; rN0 ), for any source
✏. From our discussion of the isotherms we know that,
at a fixed temperature T , the connected susceptibility
displays a maximum for some intermediate value of the
source and that this maximum increases with decreasing
temperature. Actually, both the connected and the dis-
connected susceptibilities are maximum around the same
value of ✏, and we let ✏

⇤(T, T0) denote the value of the
source at which the total susceptibility, which is the sum
of the connected and disconnected susceptibilities [see
Eq. (9)], is maximum. We then display in Fig. 4 the
disorder-averaged probability distribution of the overlap
for several temperatures T , a fixed temperature T0 of
the reference configurations, and ✏ = ✏

⇤(T, T0). At high
temperatures, the distribution is almost Gaussian with a
single peak centered at Q close to its average value. As
the temperature T decreases, the overall width of the dis-
tribution increases, reflecting larger overlap fluctuations
as already inferred from the slope of the isotherms. Even-
tually, the distribution becomes strongly bimodal for the
lowest temperatures. This is exactly what is expected if
there is a phase separation between a delocalized and a
localized phase, corresponding to a first-order transition
line in the (✏, T ) phase diagram.

One should of course be cautious before concluding
to the existence of a phase transition, as this requires
a finite-size analysis. Nonetheless, the fact that the
probability distribution becomes increasingly bimodal
for a given system size as one lowers the temperature
is evidence for the existence of a static (thermody-
namic) lengthscale associated with overlap fluctuations
that grows with decreasing temperature. This is con-
sistent with the existence of a critical point at a finite
temperature Tc, at which the lengthscale would diverge.
At this point however, several other scenarios cannot be
excluded, such as a divergence at zero temperature only
or a growth without divergence of the correlation length:
see the schematic phase diagrams in Fig. 1(b)-(d).
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FIG. 5. Franz-Parisi (FP) potential rescaled by the temper-
ature, �V (Q), for the 3d liquid (N = 600, top) and the 2d
liquid (N = 64, bottom) at several temperatures T for a fixed
temperature T0 of the reference configurations (T0 = 0.06 for
d = 3 and T0 = 0.03 for d = 2). The potential is convex
at high temperatures with a single minimum at Q = Qrand.
However, with the relatively small system sizes considered, it
becomes nonconvex at lower temperatures (the dashed lines
are a guide to the eye). This behavior is similar to that
of mean-field glass-formers: compare with Fig. 12 in Ap-
pendix A.

B. Evolution with the temperature of the
Franz-Parisi potential

The Franz-Parisi (FP) potential is the free-energy cost
for keeping equilibrium liquid configurations at a given
value of the overlap with a reference configuration, chosen
here at a fixed temperature T0. It is defined as the large
deviation rate function of the probability distribution of
the overlap when ✏ = 0, i.e., [15, 16]

V (Q) = �
T

N
lnP✏=0(Q; rN0 ) = V (Q; rN0 ). (10)

The FP potential is defined up to an irrelevant additive
constant, which we fix so that it vanishes at its absolute
minimum.
We show in Fig. 5 the temperature evolution of the FP

potential for a 3d system with N = 600, T0 = 0.06 and a
2d one with N = 64, T0 = 0.03. The trends are similar in
both cases. The FP potential always displays an absolute
minimum for Q = Qrand, reflecting the fact that in the

7

and therefore takes a unique value at any given ✏ in a
finite-size system. (Loops could be observed in a “micro-
canonical” iso-overlap ensemble which, in the case of
phase coexistence, is not equivalent to the canonical en-
semble for a finite-size system.) Isotherms in the canoni-
cal ensemble can become strictly flat, but in the thermo-
dynamic limit only. For finite-size systems, they display
a residual slope of order 1/

p
N in disordered systems:

see Eq. (12). A finite-size analysis is therefore necessary
to detect whether the remnants of the mean-field phe-
nomenology seen in relatively small systems persist as a
true phase transition in the thermodynamic limit.

As mentioned in the previous section, our numerical
strategy not only enables us to measure the average over-
lap but also its full probability distribution averaged over
the reference configurations, P✏(Q; rN0 ), for any source
✏. From our discussion of the isotherms we know that,
at a fixed temperature T , the connected susceptibility
displays a maximum for some intermediate value of the
source and that this maximum increases with decreasing
temperature. Actually, both the connected and the dis-
connected susceptibilities are maximum around the same
value of ✏, and we let ✏

⇤(T, T0) denote the value of the
source at which the total susceptibility, which is the sum
of the connected and disconnected susceptibilities [see
Eq. (9)], is maximum. We then display in Fig. 4 the
disorder-averaged probability distribution of the overlap
for several temperatures T , a fixed temperature T0 of
the reference configurations, and ✏ = ✏

⇤(T, T0). At high
temperatures, the distribution is almost Gaussian with a
single peak centered at Q close to its average value. As
the temperature T decreases, the overall width of the dis-
tribution increases, reflecting larger overlap fluctuations
as already inferred from the slope of the isotherms. Even-
tually, the distribution becomes strongly bimodal for the
lowest temperatures. This is exactly what is expected if
there is a phase separation between a delocalized and a
localized phase, corresponding to a first-order transition
line in the (✏, T ) phase diagram.

One should of course be cautious before concluding
to the existence of a phase transition, as this requires
a finite-size analysis. Nonetheless, the fact that the
probability distribution becomes increasingly bimodal
for a given system size as one lowers the temperature
is evidence for the existence of a static (thermody-
namic) lengthscale associated with overlap fluctuations
that grows with decreasing temperature. This is con-
sistent with the existence of a critical point at a finite
temperature Tc, at which the lengthscale would diverge.
At this point however, several other scenarios cannot be
excluded, such as a divergence at zero temperature only
or a growth without divergence of the correlation length:
see the schematic phase diagrams in Fig. 1(b)-(d).

0

0.4

0.8

1.2

0 0.2 0.4 0.6 0.8

3d

�
V
(Q

)

Q

T =0.40
0.35
0.30
0.25
0.25
0.15

0

0.1

0.2

0.3

0.4

0 0.2 0.4 0.6 0.8 1

2d

�
V
(Q

)

Q

T =0.30
0.20
0.12
0.06

FIG. 5. Franz-Parisi (FP) potential rescaled by the temper-
ature, �V (Q), for the 3d liquid (N = 600, top) and the 2d
liquid (N = 64, bottom) at several temperatures T for a fixed
temperature T0 of the reference configurations (T0 = 0.06 for
d = 3 and T0 = 0.03 for d = 2). The potential is convex
at high temperatures with a single minimum at Q = Qrand.
However, with the relatively small system sizes considered, it
becomes nonconvex at lower temperatures (the dashed lines
are a guide to the eye). This behavior is similar to that
of mean-field glass-formers: compare with Fig. 12 in Ap-
pendix A.

B. Evolution with the temperature of the
Franz-Parisi potential

The Franz-Parisi (FP) potential is the free-energy cost
for keeping equilibrium liquid configurations at a given
value of the overlap with a reference configuration, chosen
here at a fixed temperature T0. It is defined as the large
deviation rate function of the probability distribution of
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The FP potential is defined up to an irrelevant additive
constant, which we fix so that it vanishes at its absolute
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• Evidence in a 3d glass-forming liquid for a first-order transition line 
terminating in a critical point in the universality class of the random 
field Ising model (RFIM), as predicted.
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FIG. 10. Finite-size scaling analysis of the connected and
disconnected susceptibilities in the 3d liquid close to the crit-
ical point for a fixed temperature T0 = 0.06 of the refer-
ence configurations. (a) Scatter plot of the maximum value

of the disconnected susceptibility �(dis)
✏⇤ (T, T0) versus the max-

imum value of the connected susceptibility �(con)
✏⇤ (T, T0). The

full line represents the quadratic relation characteristic of the
3d random-field Ising model (RFIM). (b) Rescaled connected
susceptibility and (c) rescaled disconnected susceptibility ver-
sus rescaled reduced temperature t = T/Tc � 1. L / N1/3 is
the linear system size. With the critical exponents taken as
those of the 3d RFIM, a good data collapse is obtained for
Tc ⇡ 0.17. The dashed lines are a guide for the eye. All error
bars are obtained from the jackknife method when performing
the disorder average.

where � represents the variance of the e↵ective random
field that emerges in the mapping from the constrained
supercooled liquid to the RFIM while Tc is the critical
temperature. The dominance of the sample-to-sample
fluctuations characterized by the disconnected suscep-
tibility stems from the property that the critical be-
havior of the RFIM is controlled in a renormalization-
group sense by a zero-temperature fixed point [96]. In
Fig. 10(a), we show the scatter plot of the maximum
of the disconnected susceptibility versus that of the con-
nected susceptibility for a fixed temperature T0 = 0.06 of
the reference configurations. The above relation is well
satisfied by our data. The disconnected susceptibility
is larger than the connected one at low-enough temper-
atures or large-enough system sizes, which means that
quenched disorder is relevant for the system. This is a

first evidence of random-field-like physics in the transi-
tion from the delocalized state to the localized state.
We now turn to the direct finite-size scaling anal-

ysis of the two susceptibilities by means of Eq. (16).
In Fig. 10(b)-(c), we show the collapse of the properly
rescaled connected and disconnected susceptibilities as a
function of the reduced temperature. The critical tem-
perature Tc entering in the reduced temperature is the
unique adjustable parameter to ensure the best data col-
lapse on a master curve. (As mentioned above, the criti-
cal exponents are fixed to their known values: we did not
try to fit the critical exponents from our data to reduce
the number of free parameters.) Even though mixing-
field e↵ects may be present [97, 98], we find that a good
collapse is obtained for Tc ⇡ 0.17. This estimate of the
critical temperature is found by minimizing the average
quadratic di↵erence between the rescaled data and an a
priori unknown master curve [99] by using the algorithm
given in Refs. [100, 101].
All of the above confirms the existence in the 3d con-

strained liquid of a critical point in the universality class
of the RFIM at a finite temperature Tc and a finite ap-
plied source ✏c [with ✏c = ✏

⇤(Tc, T0) ⇡ 0.20], in agreement
with field-theoretical treatments [21, 22]. The fact that
no such critical point was detected in d = 2 is also fully
in line with the mapping to the RFIM. The lower critical
dimension of the latter is indeed d = 2 [49, 50, 52], so
that Tc should go to 0 for two-dimensional glasses.

From the prefactor obtained by fitting Eq. (17) and
by using our estimate of the critical temperature Tc, we
obtain an estimate of the strength of the e↵ective dis-
order in the 3d liquid,

p
� ⇡ 0.097. In the 3d RFIM

one knows from numerical simulations [92, 93] that the
disorder destroys the transition whenever

p
�/J & 2.3,

where J is the magnitude of the (ferromagnetic) coupling
between the Ising spins. Accessing the value of this ratio
in the 3d liquid would therefore provide an interesting
consistency check for the existence of the transition. Un-
fortunately, although the e↵ective coupling constant J

may in principle be estimated from the surface tension
⌥(T, T0), the latter must be computed at temperatures
significantly below Tc, because the surface tension van-
ishes at the critical point [68]. More specifically at the
RFIM critical point, the free-energy barrier �F crosses
over from a dependence in L

d�1
⇠ L

2 to one in L
✓ with

✓ = 2 + ⌘ � ⌘ ⇡ 1.49 the temperature exponent: see the
inset in Fig. 2(a) in our previous paper [57]. Such an in-
vestigation at low temperatures is presently out of reach
to computer simulations of constrained glass-forming liq-
uids.
Finally, for completeness, we recall the results already

given in our previous paper concerning the critical slow-
ing down of the 3d constrained liquid near the critical
point [57]. In the case of the RFIM, the time ⌧ for relax-
ation to equilibrium diverges at the critical point but it
does so in an anomalous manner. Instead of the conven-
tional power-law behavior between the time and the cor-
relation length, ⌧ ⇠ ⇠

z [102], one finds a much stronger
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FIG. 6. Evolution with system size N of the disorder-averaged probability distribution P✏⇤(Q; rN
0 ) of the overlap Q in 3d (left)

and 2d (right) for ✏ = ✏⇤(T, T0), at which the total variance of the overlap order parameter is maximum. The distributions
are shown for two di↵erent temperatures T and a fixed temperature T0 of the reference configurations (T0 = 0.06 in 3d and
T0 = 0.03 in 2d). The 3d results support the existence of a first-order transition line ending in a critical point at a temperature
0.15  Tc < 0.30. Instead in 2d, the results point to the absence of a transition at any temperature T � 0.06. The inset in the
top left panel shows the probability distributions in a logarithmic scale to highlight that the free-energy barrier between the
low-overlap and high-overlap phases grows with system size.

Converted into physical units [65], this corresponds to
about 1018 years, much larger than the age of the uni-
verse. In addition, the lowest temperature T that we
could achieve (T = 0.06) is itself below the extrapolated
glass transition temperature Tg. This suggests the ab-
sence of phase transition in 2d and, to the least, we can
conclude that in the experimentally relevant tempera-
ture range (near and above the calorimetric glass tran-
sition temperature), there is no signature of a critical
point in the 2d glass-forming liquid. The fact that one
needs to consider larger system sizes to recover a single-
peaked probability distribution of the overlap as one low-
ers the temperature (N � 125 for T = 0.12 and N � 250
for T = 0.06) nonetheless indicates the existence of a
growing static lengthscale associated with overlap fluc-
tuations. Although we do not attempt to characterize its
precise behavior due to the limited system sizes that we
can access, our findings are compatible with the existence
of a zero-temperature critical point in d = 2.

B. Finite-size scaling in 3d indicates a first-order
transition in the thermodynamic limit

To further confirm that the 3d constrained liquid is
below a critical point when T = 0.15 and then under-
goes a first-order transition as a function of the applied
source ✏, we assess the validity of the scaling laws pre-
dicted by the mapping onto an e↵ective random-field
Ising model [21, 22]. We first display in Fig. 7 the system-
size dependence of the connected and the disconnected
susceptibilities evaluated at or very near their maximum,
when ✏ = ✏

⇤(T, T0). At a first-order transition in the pres-
ence of a random field, the finite-size scaling behavior is
described by [74, 75]

�
(con)
✏⇤ (T, T0) ⇠ L

d/2
⇠

p

N,

�
(dis)
✏⇤ (T, T0) ⇠ L

d
⇠ N,

(12)

where L / N
1/d is the linear extent of the system.

The fingerprint of the random field is the dominance at
large scale of the sample-to-sample fluctuations encoded
in the disconnected susceptibility over the thermal ones
encoded in the connected susceptibility [87]. As can be
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FIG. 7. Finite-size scaling analysis for the 3d constrained
glass-forming liquid in the region of first-order transition.
Maximum of (a) the connected �(con)

✏⇤ (T, T0) and (b) discon-

nected �(dis)
✏⇤ (T, T0) susceptibilities at T = 0.15 for a fixed

temperature T0 = 0.06 of the reference configurations. The
full lines are the result of a linear fit to the data and are
compatible with what is expected for the random-field Ising
model [compare with Eq. (12)]. (c) Rescaled free-energy bar-
rier �F(T, T0)/(2L

d�1) versus lnL/Ld�1 with L / N1/d the
linear size of the system, validating the scaling in Eq. (13).
The intercept corresponds to the surface tension between the
low-overlap and the high-overlap phases, ⌥(T, T0) ⇡ 0.0041.
For panels (a)-(c) error bars are obtained from the jackknife
method when performing the disorder average [73]. (d) Snap-
shot of the liquid with N = 10000 for T = 0.15, T0 = 0.06 and
a fixed value of the overlap with the reference configuration,
bQ ⇡ 0.44, intermediate between low and high overlaps. The
particles are colored according to their coarse-grained overlap
q(`)i with the reference configuration: see Eqs. (14)-(15). A
macroscopic phase separation is clearly visible.

seen from Fig. 7(a)-(b), both relations are well satisfied
by our data, even though error bars are quite large for
the largest system size.

We have also studied the size-dependence of
�F(T, T0), the free-energy barrier separating the low-
overlap and the high-overlap phases [see Eq. (11)]. If one
assumes a planar interface between the two coexisting
phases, the free-energy barrier should scale as [88]

�F(T, T0)

2Ld�1
= ⌥(T, T0) +A

lnL

Ld�1
+

B

Ld�1
. (13)

In this equation, A and B are unknown coe�cients char-

acterizing the amplitude of the subdominant behaviors
while the factor of 2 in the denominator of the left-hand
side comes from using periodic boundary conditions. The
free-energy barrier per unit area converges to the surface
tension ⌥(T, T0) when L ! +1.

To describe the subdominant terms we have added
to the standard contribution proportional to B an ex-
tra lnL/Ld�1 dependence accounting for massless modes
due to the invariance of the free-energy cost under trans-
lations of the planar interface and contributions from
nonplanar interfaces [89]. For large-enough sizes (as is
the case here), the latter contribution dominates the for-
mer one, and in Fig. 7(c) we show that the variation of
�F(T, T0)/(2Ld�1) is indeed consistent with a linear be-
havior as a function of lnL/Ld�1. From the fit we extract
a surface tension ⌥(T, T0) ⇡ 0.0041 for T = 0.15. This
positive nonzero value guarantees the self-consistency of
our ansatz and confirms the presence of a phase separa-
tion associated with the first-order transition.

A snapshot of a configuration of the 3d constrained
liquid with N = 10000, T = 0.15 and for a fixed temper-
ature T0 = 0.06 of the reference configuration is shown in
Fig. 7(d). This configuration is obtained during a biased
simulation with an umbrella potential chosen so that the
overlap with the reference configuration is intermediate
between Qlow and Qhigh: bQ ⇡ 0.44; macroscopic phase
separation is then expected. For each particle, we com-
pute a local overlap

qi =
NX

j=1

w(|ri � r(0)
j

|/a), (14)

where the sum runs over all the particles of the reference
configuration and w(x) is the window function already
introduced in Eq. (1). To smooth out the local fluctu-
ations of the overlap we coarse-grain this single-particle
quantity by using an exponential window of size ` = 1,
which leads to

q
(`)
i

=

P
j
qje

�rij/`

P
j
e�rij/`

, (15)

where the sums run over all the particles in the con-
strained replica, and rij = |ri � rj |. We clearly observe
that the system segregates into two phases with distinct
values of the overlap. The interface is not perfectly planar
and there are inhomogeneities of the overlap inside the
high-overlap phase. Nonetheless, all the particles with a
local overlap larger than the average form a single con-
nected cluster: their relative distance is smaller than 1.5,
which corresponds to the first minimum in the radial pair
correlation function g(r) [90]. This snapshot illustrates
what a phase separation in a constrained glass-forming
liquid looks like, and it strengthens the conclusions of
the scaling analysis of the free-energy barrier following
Eq. (13).
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linear size of the system, validating the scaling in Eq. (13).
The intercept corresponds to the surface tension between the
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bQ ⇡ 0.44, intermediate between low and high overlaps. The
particles are colored according to their coarse-grained overlap
q(`)i with the reference configuration: see Eqs. (14)-(15). A
macroscopic phase separation is clearly visible.

seen from Fig. 7(a)-(b), both relations are well satisfied
by our data, even though error bars are quite large for
the largest system size.

We have also studied the size-dependence of
�F(T, T0), the free-energy barrier separating the low-
overlap and the high-overlap phases [see Eq. (11)]. If one
assumes a planar interface between the two coexisting
phases, the free-energy barrier should scale as [88]

�F(T, T0)
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= ⌥(T, T0) +A
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In this equation, A and B are unknown coe�cients char-

acterizing the amplitude of the subdominant behaviors
while the factor of 2 in the denominator of the left-hand
side comes from using periodic boundary conditions. The
free-energy barrier per unit area converges to the surface
tension ⌥(T, T0) when L ! +1.

To describe the subdominant terms we have added
to the standard contribution proportional to B an ex-
tra lnL/Ld�1 dependence accounting for massless modes
due to the invariance of the free-energy cost under trans-
lations of the planar interface and contributions from
nonplanar interfaces [89]. For large-enough sizes (as is
the case here), the latter contribution dominates the for-
mer one, and in Fig. 7(c) we show that the variation of
�F(T, T0)/(2Ld�1) is indeed consistent with a linear be-
havior as a function of lnL/Ld�1. From the fit we extract
a surface tension ⌥(T, T0) ⇡ 0.0041 for T = 0.15. This
positive nonzero value guarantees the self-consistency of
our ansatz and confirms the presence of a phase separa-
tion associated with the first-order transition.

A snapshot of a configuration of the 3d constrained
liquid with N = 10000, T = 0.15 and for a fixed temper-
ature T0 = 0.06 of the reference configuration is shown in
Fig. 7(d). This configuration is obtained during a biased
simulation with an umbrella potential chosen so that the
overlap with the reference configuration is intermediate
between Qlow and Qhigh: bQ ⇡ 0.44; macroscopic phase
separation is then expected. For each particle, we com-
pute a local overlap

qi =
NX

j=1

w(|ri � r(0)
j

|/a), (14)

where the sum runs over all the particles of the reference
configuration and w(x) is the window function already
introduced in Eq. (1). To smooth out the local fluctu-
ations of the overlap we coarse-grain this single-particle
quantity by using an exponential window of size ` = 1,
which leads to
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where the sums run over all the particles in the con-
strained replica, and rij = |ri � rj |. We clearly observe
that the system segregates into two phases with distinct
values of the overlap. The interface is not perfectly planar
and there are inhomogeneities of the overlap inside the
high-overlap phase. Nonetheless, all the particles with a
local overlap larger than the average form a single con-
nected cluster: their relative distance is smaller than 1.5,
which corresponds to the first minimum in the radial pair
correlation function g(r) [90]. This snapshot illustrates
what a phase separation in a constrained glass-forming
liquid looks like, and it strengthens the conclusions of
the scaling analysis of the free-energy barrier following
Eq. (13).

2

and isoconfigurational ensemble to obtain a better statis-
tics for the dynamics [29]. We focus on the overlap be-
tween a configuration rN = {r(i), i = 1, . . . , N} of N
atoms in equilibrium at temperature T and a quenched
reference configuration rN0 equilibrated at a temperature

T0: Q̂[rN ; rN0 ] = N�1
P

i,j w(|r
(i)

� r(j)0 |/a), where w(x)
is a strictly positive window function of width unity such
that w(0) = 1, w(+1) = 0, and a is a small length
accounting for thermal vibrations around the reference
configuration.

Thermodynamic fluctuations are characterized by the
free energy cost to maintain the overlap Q̂ at a given
value Q,

V (Q|T ; rN0 , T0) = �
T

N
ln

Z
drN

e��H[rN ]

Z(T )
�(Q̂[rN ; rN0 ]�Q)

(1)
where � = (kBT )�1 (the Boltzmann constant is set to
unity), H the liquid hamiltonian and Z(T ) the partition
function. This free energy is obtained from the proba-
bility distribution of the overlap P(Q|T ; rN0 , T0), which
is the argument of the logarithm in Eq. (1). This is a
random variable as it depends on the reference configu-
ration rN0 , which is a source of quenched disorder. The
average over rN0 (taken with a Boltzmann distribution

at temperature T0) yields V (Q|T ;T0) = V (Q|T ; rN0 , T0),
which is called the Franz-Parisi potential [14, 16, 30].

The dynamics near the critical point located at (Tc, ✏c)
is investigated through the equilibrium overlap autocor-
relation function

C(t|✏, T ; rN0 , T0) =
h�Q̂(t)�Q̂(0)i✏

h�Q̂(0)2i✏
, (2)

where �Q̂ = Q̂�hQ̂i✏ and h·i✏ denotes a thermal average
at temperature T in the presence of the applied source
✏, such that the liquid Hamiltonian is now H✏[rN ; rN0 ] =
H[rN ]�N✏Q̂[rN ; rN0 ]. The above correlation function is
again a random function, through the dependence on the
reference configuration.

A severe obstacle that has hampered numerical studies
of the putative critical point in the extended (T , ✏) phase
diagram is that when T0 = T the critical point is ex-
pected at a temperature Tc at which the relaxation time
of the liquid is already so large that conventional simula-
tion techniques are barely able to equilibrate the system
at ✏ = 0. We have solved this problem by using the swap
algorithm that allows an equilibration of the continuously
polydisperse liquid mixture under consideration (see the
Supplemental Information [31]) much below what is at-
tainable by standard methods [11, 25]. To give an idea,
present-day molecular dynamics simulations equilibrate
the model down to T ⇡ 0.1, which is near the mode-
coupling crossover (Tmct = 0.095) whereas the swap al-
gorithm allows equilibration down to T ⇡ 0.055 < Tg.
To characterize the critical point we have therefore cho-
sen a low temperature T0 = 0.06 . Tg for sampling the
equilibrium reference configurations, which has the prime
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FIG. 1. (a,b) Overlap probability distribution P⇤(Q|T ;T0) as
a function of system size N below [T = 0.15 in (a)] and above
[T = 0.30 in (b)] the critical point. The inset of (a) shows the
half-width wl of the low-overlap peak rescaled by the peak
position Ql as a function of 1/

p
N . (c) (T , ✏) phase diagram

showing a first-order transition line at low temperature and a
Widom line at high temperature, separated by a critical point
(symbol). (d) Disconnected versus connected susceptibilities
with a quadratic fit (dashed line); the symbols are as in panel
(b), with the colors now denoting the di↵erent temperatures.
Uncertainties are computed with the jacknife method [32].

merit of significantly increasing the critical temperature
Tc(T0) without altering its universality class [14, 16–18].
We have also investigated whether the critical point per-
sists when T0 = T , and we provide strong evidence that
it does.

We perform extensive computer simulations to study a
wide range of system sizes, N = 300, 600, 1200, 2400 at
number density ⇢ = 1. To perform the disorder average,
we consider up to 28 di↵erent reference configurations.
More details can be found in the SI [31].
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• Evidence in a 3d glass-forming liquid, but not in 2d, for a first-order 
transition line terminating in a critical point.
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FIG. 11. Phase diagram of the glass-forming liquid in the
(✏, T ) plane in d = 3 (left) and d = 2 (right) for a fixed tem-
perature of the reference configurations (T0 = 0.06 in 3d and
T0 = 0.03 in 2d). We show the loci of the maxima of to-
tal susceptibility, i.e., ✏⇤(T, T0). In 3d, a critical point (full
yellow square) at Tc ⇡ 0.17 and ✏c ⇡ 0.20 terminates the
line of first-order transition (full line) and above it a Widom
line is displayed as a dashed line. In 2d, there is no criti-
cal point nor first-order transition line and only remains a
Widom line (dashed line). In both panels, we give several
characteristic temperatures: the onset temperature of glassy
behavior (green disk), the mode-coupling crossover temper-
ature (pink up triangle), the extrapolated calorimetric glass
transition temperature Tg (orange down triangle and hori-
zontal dotted line), and the temperature T0 of the reference
configurations (blue diamond).

divergence, ln ⌧ ⇠ ⇠
 with  > 0 a new exponent which

in 3d is predicted to be equal to the temperature expo-
nent ✓ ⇡ 1.49 [103]. Furthermore, the time-dependent
correlation function of the order parameter at long times
is not as usual a function of t/⌧ but rather of ln t/ ln ⌧ .
These features, which are referred to as activated dy-
namic scaling, stem from the fact that the critical point
is controlled by a zero-temperature fixed point [67, 68].
We have computed the equilibrium time-dependent cor-
relation function of the fluctuations of the overlap in the
3d constrained liquid in the vicinity of the previously lo-
cated critical point at (✏c, Tc) and we have found that
both predictions of activated dynamic scaling are obeyed
by our data: see Ref. [57] for more details. This provides
additional evidence that criticality in constrained glass-
forming liquids is in the same universality class as the
one of the RFIM.

VI. SUMMARY AND DISCUSSION

Focusing on the insight that can be obtained about
3d and 2d glass-forming liquids from studying the statis-
tical mechanics of the overlap between equilibrium and
reference configurations, we have found two sets of re-
sults. First, we have confirmed that the mean-field sce-
nario of glass formation which is based on the emergence
of a complex free-energy landscape comprising a multi-

tude of metastable states is relevant to describe systems
of relatively small sizes in which the spatial extent of the
fluctuations (here, of the overlap order parameter) are
by construction limited. Second, we have been able to
simulate much larger system sizes than previously done
on model supercooled liquids and thereby to carry out
finite-size analyses in d = 3 and d = 2.
Our findings from extensive investigations of the phase

diagrams of 3d and 2d liquids in the presence of an addi-
tional control parameter ✏ that introduces a bias toward
high overlap with the reference configurations are sum-
marized in Fig. 11. The results are displayed for low val-
ues of the temperature T0 of the reference configurations,
which are about (in 3d) or much below (in 2d) the extrap-
olated calorimetric glass transition temperature Tg. We
give evidence that the mean-field prediction of a line of
first-order transition between a low-overlap (delocalized)
phase and a high-overlap (localized) phase terminating
at a critical point persists in the thermodynamic limit in
the 3d liquid but is absent in the 2d one at least down to
temperatures that go below the calorimetric glass tran-
sition temperature Tg. In the 2d case, one still observes
the analog of a Widom line with a growing correlation
length as the temperature decreases but no sign of a crit-
ical point, and hence of a transition, in the accessible
region of temperature. Although we have not carried out
a similarly extensive investigation for the case where the
constrained liquid and the reference configurations are at
the same temperature, i.e., T = T0, because it is compu-
tationally much more demanding, our results show the
same pattern concerning 3d and 2d liquids. These ob-
servations, together with the results of a finite-size scal-
ing analysis and a study of the relaxation dynamics near
the critical point for the 3d liquid, are consistent with
the prediction that the critical behavior terminating the
transition between low- and high-overlap phases is in the
universality class of the random-field Ising model.

Our conclusions are compatible with previous stud-
ies on the same model glass-forming liquids in which
measurements of the configurational entropy were per-
formed [38, 39, 63]. The outcome of these studies is that
whereas the 3d curve showing the temperature depen-
dence of the configurational entropy seems to extrapolate
to a vanishing value at a nonzero TK , the extrapolation
of the 2d curve instead points to TK = 0. The entropy
crisis at TK being the endpoint at ✏ = 0 of the first-order
transition line in the (✏, T ) diagram when T0 = T and the
critical point at (✏c, Tc) being the upper limit of the line,
TK 6= 0 requires Tc 6= 0 and, on the other hand, Tc = 0
implies TK = 0 (or no TK at all). With the additional

property that T (T=T0)
c is less than Tc for a low T0, this is

precisely what we found here.
The detour via the statistical properties of the over-

lap between pairs of configurations in supercooled liquids
has allowed us to track what remains of the mean-field
scenario of glass formation in 2 and 3 dimensions. It
would be worth going one step beyond in the direction of
building an e↵ective theory for the overlap fluctuations in



• To more easily access the thermodynamic limit, derive a coarse-
grained effective theory for the local overlap order parameter. 

• Probe the so-called “self-induced disorder” associated with 
fluctuations of the mean-field-like quantities near the glass 
transition. 

To make further progress



A more transparent effective theory for 
the local overlap order parameter
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• In finite d: One expects spatial fluctuations  
of the local (mesoscale) Franz-Parisi  
potential associated with a reference  
liquid configuration (at temperature T): 
“self-induced disorder”. 

• The simplest effective theory is an Ising  
(low vs. high overlap) model with a random field and  
a random bond [Stevenson-Wolynes ’08, Biroli-Cammarota-Tarzia-GT ’18] 

6

FIG. 2: Sketch of the distribution of local Franz-Parisi potentials when the system is divided in cubic boxes larger than the size
of the particles but smaller than the point-to-set correlation length. This illustrates the local fluctuations of the configurational
entropy and of the surface tension.

glass transition at TK , at which the two minima in p = 0 and p = p? have the same free-energy, corresponds to
the first-order transition in H = 0, whereas the dynamical glass transition at Td coincides with the spinodal of the
positively magnetized state.

With this in mind, one can now argue that the reference equilibrium configuration acts as a quenched disorder.
Indeed, although after averaging over Ceq the global Franz-Parisi potential becomes independent of the reference
configuration, its local properties still depend on the choice of Ceq due to the density fluctuations of the reference
configuration. Imagine coarse-graining the system on a scale that is larger than the microscopic scale (i.e., the
size of the particles or the lattice spacing) but smaller than the point-to-set length (above which metastability and
configurational entropy are no longer well defined in finite dimensions24,63) by dividing the sample in cubic boxes as
sketched in Fig. 2 and computing the Franz-Parisi potential in each of these finite-size boxes considered as independent
one from another. One would then observe fluctuations of the shape of the Franz-Parisi potential from one box to
another, due to the local density fluctuations of the reference configuration (see Fig. 2 for an illustration). This results
in fluctuations of the height of the secondary minimum (i.e., of the configurational entropy sc akin to a magnetic
field) and of the height of the barrier between the two minima (i.e., of the surface tension � akin to a ferromagnetic
coupling) among boxes. At a coarse-grained level, this naturally leads to a description in terms of a scalar '4 e↵ective
theory with quenched disorder in the form of a random field and a random bond. (Note that the above procedure
can also be operationally implemented in computer simulations of glass-forming liquid models: This will be further
discussed in the companion paper.1)

If one now tries to extend these phenomenological arguments to the vicinity of the putative thermodynamic glass
(RFOT) transition at TK , one realizes that the di↵erent boxes may become strongly correlated due to the presence
of a diverging point-to-set correlation length.63 Showing that the description based on an e↵ective random-field +
random-bond 2-state Ising-like theory is not jeopardised by these long-range correlations is a challenge. The results of
the present paper and of its companion one1 suggest that this description continues to hold, but that the presence of a
diverging point-to-set correlation length generically leads to the emergence of additional features such as multi-body
interactions.

III. EFFECTIVE THEORY FOR MEAN-FIELD MODELS OF STRUCTURAL GLASSES

In the first part of this paper we focus on two archetypal mean-field models for the glass formation, i.e., the
Random Energy Model (REM)33 and the fully connected version of its Kac-like generalization to a finite number
(2M ) of states34 (called in the following the 2M -KREM), and we work out, essentially exactly, the e↵ective 2-state
random Hamiltonian that describes the fluctuations of the overlap with a reference equilibrium configuration.

<latexit sha1_base64="xw+V65IKzhHXVADBdorXT3Fw/eY="></latexit>
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3

plemented toward this goal. These di↵erent geometries
are sketched in Fig. 1.

A. Point-to-set construction with frozen
boundaries

The point-to-set construction relies on the study of the
statistical mechanics at a temperature T of a cavity of
radius R and position x in a frozen environment drawn
from a reference equilibrium configuration rN0 [10, 11],
see Fig. 1(a). This amounts to studying the thermody-
namics of a mesoscopic cavity in the presence of a pinning
boundary characterized by a high overlap with the refer-
ence configuration. This boundary condition induces an
inhomogeneous overlap profile, q(r), converging to 1 (or
a high value if one does not constrain the exterior of the
cavity to be exactly frozen in the reference configuration)
when r � R, see Fig. 1(b).

Within the mean-field and RFOT settings, the ther-
modynamic state of the cavity, as characterized by its
overlap with its counterpart in the reference configura-
tion, results from the competition between a configura-

tional entropy gain, �T⌃(R)
x (T ; rN0 )⇢VdR

d, which drives
the cavity to explore di↵erent amorphous states and a

surface free energy cost, ⌥(R)
x (T ; rN0 )SdR

✓, when there is
a mismatch in density profiles at the boundary of the cav-
ity. Here, Vd and Sd = dVd are the volume and the area
of the unit sphere in d dimensions, and ✓  d � 1. The
value ✓ = d/2 was proposed from a wetting argument [6],
while ✓ = d� 1 was obtained in simulations [23, 39, 40],
by considering a model spin glass with large but finite-
range interactions [13] and through instanton calcula-
tions [68, 69]. The total free energy per particle when
the cavity is in a di↵erent amorphous state than the ref-
erence configuration then reads

�Fx(R, T ; rN0 ) = �T⌃(R)
x (T ; rN0 ) +

d

⇢Rd�✓
⌥(R)

x (T ; rN0 ).

(2)
The coarse-grained configurational entropy density

⌃(R)
x (T ; rN0 ) stands for the average of ⌃x(T ; rN0 ) over

the cavity of radius R centered at position x. It crosses
over from ⌃x(T ; rN0 ) for R ⌧ ⇠⌃(T ) to the average
configurational entropy density ⌃(T ) = h⌃x(T ; rN0 )i for
R � ⇠⌃(T ), where ⇠⌃(T ) is the typical correlation length
of the configurational entropy and the brackets denote
an average over the positions of the cavity and over
the reference configurations. The local surface tension

⌥(R)
x (T ; rN0 ) is expected to depend on the density profile

in the reference configuration at the boundary with the
cavity, resulting in a dependence on both x and R. All
of these quantities depend on the reference configuration
rN0 .

Within this point-to-set construction with frozen
boundaries, the radius R of the cavity plays the role of
a control parameter and the overlap at the center of the
cavity crosses over from a high value for R < ⇠ps,x(T ; rN0 )

0
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FIG. 1. Sketch of three di↵erent settings to investigate the
self-induced disorder in supercooled liquids at the mesoscopic
scale. (a, b) Point-to-set construction: a cavity of radius R
at position x explores the configuration space in the presence
of a pinning boundary drawn from an equilibrium configu-
ration rN

0 . The overlap at the center of the cavity signifi-
cantly decreases when R reaches the local point-to-set length
⇠ps,x(T ; r

N
0 ). (c, d) Mesoscopic system with periodic bound-

ary conditions: the global overlap bQ with a reference configu-
ration is linearly biased by an applied field ✏ and its thermal
average increases significantly when ✏ reaches the crossover
field ✏⇤L(T ; r

N
0 ). (e, f) This work: The overlap bQ(R)

x in a cav-
ity of radius R is biased with a field ✏ acting only inside the
cavity. The overlap at the center of the cavity significantly in-
creases when ✏ reaches the crossover field ✏⇤x(R, T ; rN

0 ). In (b,
d, f), Qrand ⌧ 1 stands for the overlap between uncorrelated
configurations, while Qg ⇡ 1 stands for the overlap between
nearby configurations (which may also fluctuate).

(�Fx > 0) when the state in the cavity is fixed by the
boundary to a low value for R > ⇠ps,x(T ; rN0 ) (�Fx < 0)
when the configurational entropy dominates the free en-
ergy. One recovers Eq. (1), with ⇠ps(T ), ⌃(T ) and ⌥(T )
now replaced by the fluctuating quantities ⇠ps,x(T ; rN0 ),

⌃(R)
x (T ; rN0 ), and ⌥(R)

x (T ; rN0 ) with R = ⇠ps,x(T ; rN0 ).

• How to define and measure the parameters entering in the effective 
theory? Use mesoscopic subsystems in a bulk 
liquid and measure the statistics of  
the local overlap with a  
reference configuration. 

• Preliminary (but numerically costly!) investigation:  
2-d polydisperse liquid mixture and low-overlap boundary conditions 
for spherical subsystems of radius R [Guiselin, Berthier, GT ’22].
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I Repeat the previous procedure for several positions x of the cavity to build a map:

results in d = 2 for R = 4 and T = T0 = 0.1 (Td ƒ 0.115).
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• Evidence for self-induced disorder. Can also measure an average 
surface tension and configurational entropy.

Map of the effective random field (for a given reference configuration)

6

crossover field ✏
⇤
x as the field value for which the vari-

ance of the overlap in the cavity is maximum [24]. As
in previous studies of overlap fluctuations [24, 27, 38] we
have carefully checked that all distributions are correctly
sampled in fully equilibrium conditions. When dealing
with ensemble averages we then consider a number nm

of independent samples, with nm 2 [3, 13] depending on
the temperature.

The radius R should be taken small enough, ideally
smaller than the correlation length of the configurational
entropy to resolve its intrinsic fluctuations and smaller
than the point-to-set length; but it should be su�ciently
large so that the cavity contains enough particles to com-
pute well-defined mesoscopic quantities, such as the over-
lap in Eq. (9). In the temperature range investigated
here, ⇠ps is at most equal to 4 [37]. We thus focus on
R = 2 and R = 4 (while the linear system size is L = 24),
respectively corresponding to 13 and 52 particles on av-
erage in a cavity.

For a given reference configuration, we consider cavity
centers on a linear grid of mesh size u = 2, corresponding
to (L/u)d = 144 di↵erent positions, and for each of them
we compute the crossover field ✏

⇤
x(R, T ; rN0 ). Then, a

continuous and coarse-grained field ✏x(R, T ; rN0 ) is com-
puted by using a Gaussian window of width ` = u/2 = 1
and by summing over all the positions of the cavities,
namely,

✏x(R, T ; rN0 ) =

P
x0 ✏

⇤
x0(R, T ; rN0 )e�|x�x0|2/(2`2)
P

x0 e
�|x�x0|2/(2`2) . (10)

This allows us to associate to each particle i a local field
✏i(R, T ; rN0 ) obtained from the above equation with x =
ri and resulting from a coarse-grained computation.

This work represents a significant computational ef-
fort: each configuration requires the independent study
of a large number of cavities, and each cavity requires
itself a series of lengthy simulations. The additional en-
semble average then multiplies the needed e↵ort, which
must be repeated for each temperature. Although the
study is trivially parallelized, it requires a large amount
of numerical resources.

IV. RESULTS

We are now in a position to measure the local fluctu-
ations of the overlap and access the static spatial varia-
tions of the Franz-Parisi potential and of the configura-
tional entropy density across a broad range of tempera-
tures.

A. Spatial maps of the crossover field in cavities

The basic outcome of the simulations described in
Sec. III is the evolution of the local overlap at position
x with a local field also applied at x throughout the en-
tire system. From these overlap isotherms, we extract

FIG. 2. Map of the coarse-grained crossover field ✏i(R, T ; rN
0 )

for R = 2 in a system with L = 24 and an equilibrium refer-
ence configuration rN

0 sampled at di↵erent temperatures T :
(a) T = 0.165, (b) T = 0.125, (c) T = 0.1 and (d) T = 0.07.
The color code is adjusted independently for each panel.

the crossover applied field, which then depends on space
for each specific reference configuration. This can be re-
peated for independent reference configurations at vari-
ous temperatures.
Using the coarse-graining procedure in Eq. (10),

we construct maps representing the crossover field
✏i(R, T ; rN0 ) attributed to each particle. In Fig. 2 we
show representative snapshots of this crossover field for
R = 2 and several reference configurations at tempera-
tures covering a very broad range from much above the
mode-coupling crossover down to very close to the calori-
metric glass transition temperature.
These snapshots reveal that the field ✏i fluctuates

widely within a given configuration. Because this
crossover field represents an estimate of the configura-
tional entropy density, these images directly show that
the configurational entropy density in an equilibrium su-
percooled liquid is a spatially-fluctuating quantity. These
measurements represent a direct and quantitative visual-
ization of the physical concept of the self-induced disor-
der characterizing glass-forming liquids [52].
Despite their apparent visual similarity, notice that

the color scale has been independently adjusted in each
snaphot to maximize the color contrast, and the aver-
age level and spread of the field are actually temperature
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8

with R = 4, d = 2, and ✓ = d � 1 = d/2 = 1. The
application of Eq. (11) is shown in Fig. 3(a) and agrees
very well with the direct measurement of ✏⇤L(T )/T in bulk
systems, for which the surface tension plays no role [recall
Eq. (5)]. This agreement supports the validity of Eq. (7).

One can similarly extract the average surface tension,

⌥(T ) =
⇢R

d�✓ [✏⇤(R/2, T )� ✏
⇤(R, T )]

d (2d�✓ � 1)
, (12)

with R = 4, d = 2 and ✓ = 1. The result is shown in
Fig. 3(b) as a function of the temperature T . The average
surface tension decreases by ⇠ 40% when the tempera-
ture decreases, while at the same time ⌥(T )/T is found
to grow. Past works dealing with the surface tension have
reached contradictory conclusions regarding its tempera-
ture evolution. In Refs. [39, 40], the surface tension was
found to increase with decreasing temperature in agree-
ment with instanton calculations [68, 69]. Instead, the
surface tension is usually taken proportional to the tem-
perature, as for conventional phase separation problems,
in many analyses performed in the context of the RFOT
theory [7, 14], suggesting that it is a decreasing function
of the temperature. Our simulation data appear inter-
mediate between these two proposals.

We can tentatively rationalize the variation of the sur-
face tension with temperature in Fig. 3(b) by recalling
that our estimate may di↵er from the actual surface ten-
sion between states because of the possibly more complex
geometry of the RFOT mosaic. If the domains compos-
ing the mosaic become more compact at lower tempera-
tures [88, 89], our method could overestimate the surface
tension at high temperatures by neglecting these geomet-
rical e↵ects.

C. Fluctuations of the configurational entropy:
variance and correlation length

We now go beyond the average behavior and analyze
the fluctuations of the crossover field quantitatively. In
Fig. 4(a), we display the temperature evolution of the
standard deviation,

�✏
⇤(R, T ) =

q
h[✏⇤x(R, T ; rN0 )� ✏⇤(R, T )]2i, (13)

rescaled by the temperature T for the cavity sizes R = 2
and R = 4. We first observe that at fixed temperature,
this standard deviation is larger for R = 2 than for R = 4.
This is expected because the fluctuations are generically
stronger in smaller systems. In addition, from Eq. (7),
the surface tension term also constitutes a stronger source
of fluctuations for smaller R.

For comparison we also show in Fig. 4(a) the standard
deviation

�✏
⇤
L(T ) =

q
h[✏⇤L(T ; rN0 )� ✏

⇤
L(T )]

2i (14)

of the crossover field measured in a bulk system with
L = 8. It is quite close to the results for �✏

⇤(R = 4, T ),
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FIG. 4. (a) Standard deviation �✏⇤(R, T ) of the crossover
field for cavity sizes R = 2, 4, and for a bulk system of linear
size L = 8. The vertical dashed lines mark T = 0.182 and
T = 0.052 for which the point-to-set length is equal to 2 and 4,
respectively. (b) Evolution of the inverse correlation length
1/⇠⌃(T ) from Eq. (16), of the standard deviation �✏⇤(R =
2, T )/T = �⌃(T ), of the inverse point-to-set length 1/⇠ps(T )
from Ref. [37], and of the averaged configurational entropy
⌃(T ) from Eq. (11). The first three curves have been rescaled
by a constant to maximize their overlap.

especially at low temperature. This agreement suggests
that the fluctuations of the configurational entropy dom-
inate the fluctuations of ✏⇤x and that the surface tension
contribution is subdominant. Therefore it is reasonable
to assume that

�✏
⇤(R, T )/T ⇡ �⌃(R)(T ), (15)

where �⌃(R)(T ) represents the standard deviation

of ⌃(R)
x . This quantity should cross over from

�⌃(T ) =
p
h[⌃x(T ; rN0 )� ⌃(T )]2i for R < ⇠⌃(T ), to

�⌃(T )[⇠⌃(T )/R]d/2 for R > ⇠⌃(T ).
The temperature evolution of �✏⇤(R, T )/T is more pro-

nounced for R = 2 (it decreases when T decreases) than
for R = 4 (it is nearly constant), but both quantities
seem to converge for T  0.07. This di↵erence in the
temperature dependence is naturally explained if one
assumes that ⇠⌃(T ) ⇡ ⇠ps(T ) and grows with decreas-
ing temperature from ⇠⌃ ⇡ 2 to ⇠⌃ ⇡ 4 in the range
T 2 [0.07, 0.2] [37]. This would indeed imply that for
R = 2, the system is always in the regime R < ⇠⌃(T ),
leading to �✏

⇤(R = 2, T )/T = �⌃(T ). Instead for R = 4
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• Strong evidence for remains of the mean-field/landscape 
description in the static properties associated with the overlap 
fluctuations: mean-field behavior not destroyed by short-range 
fluctuations, persistence of phase transitions in 3d liquids with 
overlap bias, evidence for self-induced quenched disorder, growing 
point-to-set correlation length, etc. 

• In contrast, with the possible exception of (debated) evidence for a 
mode-coupling-like dynamical crossover, it is difficult to find 
signatures of the RFOT/landscape picture in the dynamics. 

• Actively studied but still open: How to disentangle and/or combine 
the various mechanisms (landscape/overlap fluctuations, frustrated 
local order, dynamical facilitation)? Help of more efficient 
simulations and particle-resolved experiments.

Conclusion



How to make correlations between 
relaxation time and growing length more 

meaningful and more indicative of a 
causal relationship?
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• Correlations between global (bulk) static and dynamic quantities are of 
limited interest. Potential improvement in causal relationship comes  
from correlations at a local level. For overlap-related quantities, need 
however some level of coarse-graining.  

Mesoscopic systems (N=111+p.b.c.): 
Correlation between relaxation time 

and inverse of configurational entropy 
[Berthier ’21] 

 Activated dynamic scaling:
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FIG. 4. Scatter plot of the relaxation time ⌧ of individual
samples against the free energy di↵erence �V . The straight
lines represent a local version of the Adam-Gibbs relation
where log ⌧ / (P/�V ). This shows that self-induced dynamic
and thermodynamic fluctuations are locally correlated.

to obtain accurate and independent values for ⌧ (using
isoconfigurational dynamic average) and �V (using um-
brella sampling techniques). The observed correlation is
quite good and the data align along the Adam-Gibbs
relation, shown with the straight lines. Interestingly,
since B ⇠ 1/�V , this correlation can can be recast as
log ⌧ ⇠ B, suggesting that B represents a meaningful
candidate for the e↵ective barrier to structural relax-
ation. By contrast, we find that the plateau height q
(local Debye Waller factor) correlates weakly with the
dynamics, which appears to contradict models where
short-time dynamics is used to infer structural relax-
ation [30, 31]. Several more tests along these lines could
be performed following the methods introduced above,
and the quality of the various correlations could be quan-
tified further.

Deeply supercooled liquids display broad distributions
of their local physical properties, which are extensively
probed here numerically at extremely low temperatures
by analysing mesoscopic systems equilibrated with a
swap Monte Carlo algorithm. Each configuration is “typ-
ical”, yet each sample displays static and dynamic prop-
erties that fluctuate wildly, directly impacting all ob-
served bulk properties. Our results directly establish that
deeply supercooled liquids are found, at the mesoscale,
in a very large number of distinct packings with distinct
properties. This self-induced heterogeneity represents the
real space signature of the metaphorical rugged free en-
ergy landscape. Static fluctuations are central to ran-
dom first order transition theory, but they also exist in
simpler plaquette models [58], although both approaches
provide distinct general perspectives on their dynamical
consequences [59, 60]. We focused here on an impor-
tant subset of questions regarding dynamic heterogeneity
and thermodynamic fluctuations, but many more can be

tackled using similar tools, from experimentally-relevant
questions (e.g., rheology) to fundamental ones (e.g., ex-
tracting coupling constants of e↵ective field theories).

I thank M. Ediger, L. Kaufman, D. Reichman and C.
Scalliet for encouragments and useful exchanges. I bor-
rowed the title from J.-P. Bouchaud. My work is sup-
ported by a grant from the Simons Foundation (Grant
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• For a ‵fragile′ glass-forming liquid, 

• Rough estimates: 

• Then,                                    , and depending on the exponent ψ 

ξ varies by about 2.0-2.3 (ψ=3), 2.8-3.5 (ψ=2), 4.0-5.2 (ψ=3/2).

Rough estimate of the variation of ξ

log10


⌧(Tg)

⌧(Tonset)

�
⇠ 14� 15

) C


⇠(Tg) 

Tg
� ⇠(Tonset) 

Tonset

�
⇠ 34


⇠(Tg)

⇠(Tonset)

� 
⇠ 8� 12

C
⇠(Tonset) 

Tonset
⇠ 2� 3 and

Tonset

Tg
⇠ 1.5

⌧(T ) ⇠ ⌧0 exp


C
⇠(T ) 

T

�
with 0 <   d

Relation between the relaxation time 
and a “static” correlation length:

               

=> If super-Arrhenius dependence of 
τ(T): at some point, ξst(T) must grow 

when T↓...

But small in the accessible range!

[Montanari-Semerjian, 2006]

Tempting to look for detail-independent, collective explanation,
BUT: no observed singularity, 

only modest supra-molecular length scale.

•Phenomenon is universal and 
spectacular

•Dramatic temperature 
dependence of relaxation time 
and viscosity

•Slowing down faster than 
anticipated from high-T behavior
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τ(T): at some point, ξst(T) must grow 
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